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Motivation – Ejecta processes
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LDRD Experiment (PI: W. Buttler, LA-UR-19-21158)

5/17/21 |   3Los Alamos National Laboratory

• HE drives shock wave into target à cerium and tin ejecta into
– Vacuum, He, D2 at 2, 4, 8 atm

• IR imaging to measure radiance temperature
• PDV for ejecta velocities
• LN-pins for mass
• Initial ejecta temperature is 990K
• Mie scattering measures particle size

– 12 micron mean diameter for cerium
– 2 micron mean diameter for tin

• Inferred solid cerium ejecta particles
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Radiance temperature observations from experiments
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• Vacuum and helium media 
– Particle temperature drops (non-reactive)

• Deuterium medium
– Particle temperature rises 200 K above initial temperature for t < 5 microseconds
– Exothermic reaction
– Maximum temperature reached after ~ 5 microseconds
– Temperature drops for t > 5 microseconds



Physical assumptions for model development
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• Assume liquid ejecta droplets are hydrodynamically stable or solid
• Exothermic chemical reactions occur at particle surface

– Reaction is diffusion-controlled à diffusion through hydride layer
– Shell remains intact

• Heat transfer is dominated by convection
– Radiation is small in high density gas with moderate temperature differences
– Temperature inside particle is uniform à lumped capacitance model
– Biot number = 0.15 << 1

• Buttler LDRD report LA-UR-19-21158
• Buttler et al., Ejecta Transport, Breakup and Conversion, J. Dynamic Behavior Materials, 2017.
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Coal combustion analog for solid core
• High ash content coal combustion models are very similar*

• Ash layer quickly forms on surface of particle
• Oxygen diffusion through ash layer controls carbon oxidation rate
• Thickness of ash layer grows with time

• I. Glassman, Combustion, Ed. 3, 1996
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Aluminum oxidation analog for liquid core
• Aluminum particles oxide in a similar fashion
• Oxide crust cracks à exposes fresh aluminum

– Rapid kinetics based reaction “heals” cracks*
• Simplify by using effective diffusion coefficient à largest uncertainty
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Mass Conservation
• D2 diffuses through CeD2 layer
• Quasi-steady diffusion through particle (lumped capacitance)

• Deuterium diffusion rate through particle

• Cerium consumption rate

• Heat release rate

• Assume outer radius remains relatively constant

• Rate of change of inner cerium mass

• Obtain ODE for inner radius 
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Energy Conservation
• Use lumped capacitance model

– Thermal conduction inside particle faster than across gas/solid interface
– Temperature is constant inside particle

• Convective heat transfer at surface

• Ranz-Marshall correlation (1952) for forced convection

• Energy rate of change for particle

• Energy contained inside particle
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Model Summary
• Mass conservation

• Energy conservation

• Momentum conservation
– Focus on early time à constant velocity
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Numerical Implementation
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Numerical Implementation
• Initial reaction rate is fast

– Potential division by zero

• Use n+1/2 to prevent division by zero

• Naive discretization of reaction radius equation is inefficient
– Accuracy highly dependent on timestep size
– Numerical integration requires O(105) timesteps per particle reaction time
– Timestep can be much smaller than hydro timestep

• Seek analytical solution for mass conservation equation
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Analytical Solution - Transformation
• Assume that all parameters are constant except the reaction radius
• Integrate to obtain

• Reaction time:

• Cubic equation: 

• Solution validity:
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r 2 [0, 1]
<latexit sha1_base64="at8xsXM1/Dm6FA/TvDx9+Q3tXYE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePFYwX5AE8pmO2mXbjZhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kimGbJSJRvZBqFFxi23AjsJcqpHEosBtO7uZ+9wmV5ol8NNMUg5iOJI84o8ZKviI+l6TvXhEvGFRrbt1dgKwTryA1KNAaVL/8YcKyGKVhgmrd99zUBDlVhjOBs4qfaUwpm9AR9i2VNEYd5IubZ+TCKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5+Z6DbIuUwzg5ItF0WZICYh8wDIkCtkRkwtoUxxeythY6ooMzamig3BW315nXQadc+tew/XtWajiKMMZ3AOl+DBDTThHlrQBgYpPMMrvDmZ8+K8Ox/L1pJTzJzCHzifP9ItkCw=</latexit><latexit sha1_base64="at8xsXM1/Dm6FA/TvDx9+Q3tXYE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePFYwX5AE8pmO2mXbjZhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kimGbJSJRvZBqFFxi23AjsJcqpHEosBtO7uZ+9wmV5ol8NNMUg5iOJI84o8ZKviI+l6TvXhEvGFRrbt1dgKwTryA1KNAaVL/8YcKyGKVhgmrd99zUBDlVhjOBs4qfaUwpm9AR9i2VNEYd5IubZ+TCKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5+Z6DbIuUwzg5ItF0WZICYh8wDIkCtkRkwtoUxxeythY6ooMzamig3BW315nXQadc+tew/XtWajiKMMZ3AOl+DBDTThHlrQBgYpPMMrvDmZ8+K8Ox/L1pJTzJzCHzifP9ItkCw=</latexit><latexit sha1_base64="at8xsXM1/Dm6FA/TvDx9+Q3tXYE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePFYwX5AE8pmO2mXbjZhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kimGbJSJRvZBqFFxi23AjsJcqpHEosBtO7uZ+9wmV5ol8NNMUg5iOJI84o8ZKviI+l6TvXhEvGFRrbt1dgKwTryA1KNAaVL/8YcKyGKVhgmrd99zUBDlVhjOBs4qfaUwpm9AR9i2VNEYd5IubZ+TCKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5+Z6DbIuUwzg5ItF0WZICYh8wDIkCtkRkwtoUxxeythY6ooMzamig3BW315nXQadc+tew/XtWajiKMMZ3AOl+DBDTThHlrQBgYpPMMrvDmZ8+K8Ox/L1pJTzJzCHzifP9ItkCw=</latexit><latexit sha1_base64="at8xsXM1/Dm6FA/TvDx9+Q3tXYE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePFYwX5AE8pmO2mXbjZhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kimGbJSJRvZBqFFxi23AjsJcqpHEosBtO7uZ+9wmV5ol8NNMUg5iOJI84o8ZKviI+l6TvXhEvGFRrbt1dgKwTryA1KNAaVL/8YcKyGKVhgmrd99zUBDlVhjOBs4qfaUwpm9AR9i2VNEYd5IubZ+TCKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5+Z6DbIuUwzg5ItF0WZICYh8wDIkCtkRkwtoUxxeythY6ooMzamig3BW315nXQadc+tew/XtWajiKMMZ3AOl+DBDTThHlrQBgYpPMMrvDmZ8+K8Ox/L1pJTzJzCHzifP9ItkCw=</latexit>

<latexit sha1_base64="oYjcUz+a4zByweelWq1ID+2beBA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1Xvuuo2ryr1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Av9+M2Q==</latexit>a
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Graphical representation of solution
• Valid within 
• Solution starts at 
• Moves left with increasing
• Final value at

• Middle roots are valid
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t⇤
<latexit sha1_base64="KCJiaccv7MVOq32RwpL2C3jgGOc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJSkFPRY8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5Hbud564NiJWjzhNuB/RkRKhYBSt9ICDq0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66Rdq3pu1buvVxq1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gD2HY2F</latexit><latexit sha1_base64="KCJiaccv7MVOq32RwpL2C3jgGOc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJSkFPRY8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5Hbud564NiJWjzhNuB/RkRKhYBSt9ICDq0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66Rdq3pu1buvVxq1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gD2HY2F</latexit><latexit sha1_base64="KCJiaccv7MVOq32RwpL2C3jgGOc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJSkFPRY8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5Hbud564NiJWjzhNuB/RkRKhYBSt9ICDq0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66Rdq3pu1buvVxq1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gD2HY2F</latexit><latexit sha1_base64="KCJiaccv7MVOq32RwpL2C3jgGOc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJSkFPRY8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5Hbud564NiJWjzhNuB/RkRKhYBSt9ICDq0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66Rdq3pu1buvVxq1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gD2HY2F</latexit>

r 2 [0, 1]
<latexit sha1_base64="at8xsXM1/Dm6FA/TvDx9+Q3tXYE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePFYwX5AE8pmO2mXbjZhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kimGbJSJRvZBqFFxi23AjsJcqpHEosBtO7uZ+9wmV5ol8NNMUg5iOJI84o8ZKviI+l6TvXhEvGFRrbt1dgKwTryA1KNAaVL/8YcKyGKVhgmrd99zUBDlVhjOBs4qfaUwpm9AR9i2VNEYd5IubZ+TCKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5+Z6DbIuUwzg5ItF0WZICYh8wDIkCtkRkwtoUxxeythY6ooMzamig3BW315nXQadc+tew/XtWajiKMMZ3AOl+DBDTThHlrQBgYpPMMrvDmZ8+K8Ox/L1pJTzJzCHzifP9ItkCw=</latexit><latexit sha1_base64="at8xsXM1/Dm6FA/TvDx9+Q3tXYE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePFYwX5AE8pmO2mXbjZhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kimGbJSJRvZBqFFxi23AjsJcqpHEosBtO7uZ+9wmV5ol8NNMUg5iOJI84o8ZKviI+l6TvXhEvGFRrbt1dgKwTryA1KNAaVL/8YcKyGKVhgmrd99zUBDlVhjOBs4qfaUwpm9AR9i2VNEYd5IubZ+TCKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5+Z6DbIuUwzg5ItF0WZICYh8wDIkCtkRkwtoUxxeythY6ooMzamig3BW315nXQadc+tew/XtWajiKMMZ3AOl+DBDTThHlrQBgYpPMMrvDmZ8+K8Ox/L1pJTzJzCHzifP9ItkCw=</latexit><latexit sha1_base64="at8xsXM1/Dm6FA/TvDx9+Q3tXYE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePFYwX5AE8pmO2mXbjZhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kimGbJSJRvZBqFFxi23AjsJcqpHEosBtO7uZ+9wmV5ol8NNMUg5iOJI84o8ZKviI+l6TvXhEvGFRrbt1dgKwTryA1KNAaVL/8YcKyGKVhgmrd99zUBDlVhjOBs4qfaUwpm9AR9i2VNEYd5IubZ+TCKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5+Z6DbIuUwzg5ItF0WZICYh8wDIkCtkRkwtoUxxeythY6ooMzamig3BW315nXQadc+tew/XtWajiKMMZ3AOl+DBDTThHlrQBgYpPMMrvDmZ8+K8Ox/L1pJTzJzCHzifP9ItkCw=</latexit><latexit sha1_base64="at8xsXM1/Dm6FA/TvDx9+Q3tXYE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosePFYwX5AE8pmO2mXbjZhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kimGbJSJRvZBqFFxi23AjsJcqpHEosBtO7uZ+9wmV5ol8NNMUg5iOJI84o8ZKviI+l6TvXhEvGFRrbt1dgKwTryA1KNAaVL/8YcKyGKVhgmrd99zUBDlVhjOBs4qfaUwpm9AR9i2VNEYd5IubZ+TCKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5+Z6DbIuUwzg5ItF0WZICYh8wDIkCtkRkwtoUxxeythY6ooMzamig3BW315nXQadc+tew/XtWajiKMMZ3AOl+DBDTThHlrQBgYpPMMrvDmZ8+K8Ox/L1pJTzJzCHzifP9ItkCw=</latexit>

r = 1
<latexit sha1_base64="xwAxZB7gfRRVxOMk6BtxV/7Yxo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUC9CwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00oO+8Qblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5N2req5Ve/+qtKo5XEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QPKA41o</latexit><latexit sha1_base64="xwAxZB7gfRRVxOMk6BtxV/7Yxo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUC9CwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00oO+8Qblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5N2req5Ve/+qtKo5XEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QPKA41o</latexit><latexit sha1_base64="xwAxZB7gfRRVxOMk6BtxV/7Yxo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUC9CwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00oO+8Qblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5N2req5Ve/+qtKo5XEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QPKA41o</latexit><latexit sha1_base64="xwAxZB7gfRRVxOMk6BtxV/7Yxo0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUC9CwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00oO+8Qblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5N2req5Ve/+qtKo5XEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QPKA41o</latexit>

r = 0
<latexit sha1_base64="7lUVmOrwz7QOXVhyCSszzlaMqVw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUC9CwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00oO+cQflilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5N2req5Ve/+qtKo5XEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QPIf41n</latexit><latexit sha1_base64="7lUVmOrwz7QOXVhyCSszzlaMqVw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUC9CwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00oO+cQflilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5N2req5Ve/+qtKo5XEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QPIf41n</latexit><latexit sha1_base64="7lUVmOrwz7QOXVhyCSszzlaMqVw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUC9CwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00oO+cQflilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5N2req5Ve/+qtKo5XEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QPIf41n</latexit><latexit sha1_base64="7lUVmOrwz7QOXVhyCSszzlaMqVw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUC9CwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00oO+cQflilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5N2req5Ve/+qtKo5XEU4QzO4RI8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QPIf41n</latexit>
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Analytical Solution
• Transform into depressed cubic:

• Roots:

• Solution: 

15

0 = 2y3 � 3

2
y +

1� t⇤
2

<latexit sha1_base64="/4lsnYqxNkoT0d9pBoieujBjdkc=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XwQUuSCroRCm5cVrAPaGOYTCft0MmDmYkQQr7Bjb/ixoUibl2582+ctFlo64ELZ865l7n3uBGjQhrGt1ZaWl5ZXSuvVzY2t7Z39N29jghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem6k+vc7z4QLmgY3MkkIraPRgH1KEZSSY5+YsAraCX3DViDA48jnDay1MoSeFY8zZp0TnPJ0atG3ZgCLhKzIFVQoOXoX4NhiGOfBBIzJETfNCJpp4hLihnJKoNYkAjhCRqRvqIB8omw0+lJGTxSyhB6IVcVSDhVf0+kyBci8V3V6SM5FvNeLv7n9WPpXdopDaJYkgDPPvJiBmUI83zgkHKCJUsUQZhTtSvEY6SSkCrFigrBnD95kXSsumnUzdvzatMq4iiDA3AIjoEJLkAT3IAWaAMMHsEzeAVv2pP2or1rH7PWklbM7IM/0D5/AA59mzE=</latexit><latexit sha1_base64="/4lsnYqxNkoT0d9pBoieujBjdkc=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XwQUuSCroRCm5cVrAPaGOYTCft0MmDmYkQQr7Bjb/ixoUibl2582+ctFlo64ELZ865l7n3uBGjQhrGt1ZaWl5ZXSuvVzY2t7Z39N29jghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem6k+vc7z4QLmgY3MkkIraPRgH1KEZSSY5+YsAraCX3DViDA48jnDay1MoSeFY8zZp0TnPJ0atG3ZgCLhKzIFVQoOXoX4NhiGOfBBIzJETfNCJpp4hLihnJKoNYkAjhCRqRvqIB8omw0+lJGTxSyhB6IVcVSDhVf0+kyBci8V3V6SM5FvNeLv7n9WPpXdopDaJYkgDPPvJiBmUI83zgkHKCJUsUQZhTtSvEY6SSkCrFigrBnD95kXSsumnUzdvzatMq4iiDA3AIjoEJLkAT3IAWaAMMHsEzeAVv2pP2or1rH7PWklbM7IM/0D5/AA59mzE=</latexit><latexit sha1_base64="/4lsnYqxNkoT0d9pBoieujBjdkc=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XwQUuSCroRCm5cVrAPaGOYTCft0MmDmYkQQr7Bjb/ixoUibl2582+ctFlo64ELZ865l7n3uBGjQhrGt1ZaWl5ZXSuvVzY2t7Z39N29jghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem6k+vc7z4QLmgY3MkkIraPRgH1KEZSSY5+YsAraCX3DViDA48jnDay1MoSeFY8zZp0TnPJ0atG3ZgCLhKzIFVQoOXoX4NhiGOfBBIzJETfNCJpp4hLihnJKoNYkAjhCRqRvqIB8omw0+lJGTxSyhB6IVcVSDhVf0+kyBci8V3V6SM5FvNeLv7n9WPpXdopDaJYkgDPPvJiBmUI83zgkHKCJUsUQZhTtSvEY6SSkCrFigrBnD95kXSsumnUzdvzatMq4iiDA3AIjoEJLkAT3IAWaAMMHsEzeAVv2pP2or1rH7PWklbM7IM/0D5/AA59mzE=</latexit><latexit sha1_base64="/4lsnYqxNkoT0d9pBoieujBjdkc=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XwQUuSCroRCm5cVrAPaGOYTCft0MmDmYkQQr7Bjb/ixoUibl2582+ctFlo64ELZ865l7n3uBGjQhrGt1ZaWl5ZXSuvVzY2t7Z39N29jghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem6k+vc7z4QLmgY3MkkIraPRgH1KEZSSY5+YsAraCX3DViDA48jnDay1MoSeFY8zZp0TnPJ0atG3ZgCLhKzIFVQoOXoX4NhiGOfBBIzJETfNCJpp4hLihnJKoNYkAjhCRqRvqIB8omw0+lJGTxSyhB6IVcVSDhVf0+kyBci8V3V6SM5FvNeLv7n9WPpXdopDaJYkgDPPvJiBmUI83zgkHKCJUsUQZhTtSvEY6SSkCrFigrBnD95kXSsumnUzdvzatMq4iiDA3AIjoEJLkAT3IAWaAMMHsEzeAVv2pP2or1rH7PWklbM7IM/0D5/AA59mzE=</latexit>

✓ =
1

3
arccos(2t⇤ � 1)

<latexit sha1_base64="bg/LfcabLsOanEiIDzQRKMbpsx4=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoBUtSBd0IBTcuK9gHNCFMppN26OTBzI1QQr/Bjb/ixoUibl2582+ctllo64ELh3Pu5d57/ERwBZb1bRRWVtfWN4qbpa3tnd09c/+greJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/upn6nQcmFY+jexgnzA3JIOIBpwS05JlVB4YMCL7GTiAJzexJdj7BDpGUxgpXcB2Dd4rPsF31zLJVs2bAy8TOSRnlaHrml9OPaRqyCKggSvVsKwE3IxI4FWxSclLFEkJHZMB6mkYkZMrNZi9N8IlW+jiIpa4I8Ez9PZGRUKlx6OvOkMBQLXpT8T+vl0Jw5WY8SlJgEZ0vClKBIcbTfHCfS0ZBjDUhVHJ9K6ZDoqMBnWJJh2AvvrxM2vWabdXsu4tyo57HUURH6BhVkI0uUQPdoiZqIYoe0TN6RW/Gk/FivBsf89aCkc8coj8wPn8Axm2a5Q==</latexit><latexit sha1_base64="bg/LfcabLsOanEiIDzQRKMbpsx4=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoBUtSBd0IBTcuK9gHNCFMppN26OTBzI1QQr/Bjb/ixoUibl2582+ctllo64ELh3Pu5d57/ERwBZb1bRRWVtfWN4qbpa3tnd09c/+greJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/upn6nQcmFY+jexgnzA3JIOIBpwS05JlVB4YMCL7GTiAJzexJdj7BDpGUxgpXcB2Dd4rPsF31zLJVs2bAy8TOSRnlaHrml9OPaRqyCKggSvVsKwE3IxI4FWxSclLFEkJHZMB6mkYkZMrNZi9N8IlW+jiIpa4I8Ez9PZGRUKlx6OvOkMBQLXpT8T+vl0Jw5WY8SlJgEZ0vClKBIcbTfHCfS0ZBjDUhVHJ9K6ZDoqMBnWJJh2AvvrxM2vWabdXsu4tyo57HUURH6BhVkI0uUQPdoiZqIYoe0TN6RW/Gk/FivBsf89aCkc8coj8wPn8Axm2a5Q==</latexit><latexit sha1_base64="bg/LfcabLsOanEiIDzQRKMbpsx4=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoBUtSBd0IBTcuK9gHNCFMppN26OTBzI1QQr/Bjb/ixoUibl2582+ctllo64ELh3Pu5d57/ERwBZb1bRRWVtfWN4qbpa3tnd09c/+greJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/upn6nQcmFY+jexgnzA3JIOIBpwS05JlVB4YMCL7GTiAJzexJdj7BDpGUxgpXcB2Dd4rPsF31zLJVs2bAy8TOSRnlaHrml9OPaRqyCKggSvVsKwE3IxI4FWxSclLFEkJHZMB6mkYkZMrNZi9N8IlW+jiIpa4I8Ez9PZGRUKlx6OvOkMBQLXpT8T+vl0Jw5WY8SlJgEZ0vClKBIcbTfHCfS0ZBjDUhVHJ9K6ZDoqMBnWJJh2AvvrxM2vWabdXsu4tyo57HUURH6BhVkI0uUQPdoiZqIYoe0TN6RW/Gk/FivBsf89aCkc8coj8wPn8Axm2a5Q==</latexit><latexit sha1_base64="bg/LfcabLsOanEiIDzQRKMbpsx4=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoBUtSBd0IBTcuK9gHNCFMppN26OTBzI1QQr/Bjb/ixoUibl2582+ctllo64ELh3Pu5d57/ERwBZb1bRRWVtfWN4qbpa3tnd09c/+greJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/upn6nQcmFY+jexgnzA3JIOIBpwS05JlVB4YMCL7GTiAJzexJdj7BDpGUxgpXcB2Dd4rPsF31zLJVs2bAy8TOSRnlaHrml9OPaRqyCKggSvVsKwE3IxI4FWxSclLFEkJHZMB6mkYkZMrNZi9N8IlW+jiIpa4I8Ez9PZGRUKlx6OvOkMBQLXpT8T+vl0Jw5WY8SlJgEZ0vClKBIcbTfHCfS0ZBjDUhVHJ9K6ZDoqMBnWJJh2AvvrxM2vWabdXsu4tyo57HUURH6BhVkI0uUQPdoiZqIYoe0TN6RW/Gk/FivBsf89aCkc8coj8wPn8Axm2a5Q==</latexit>

y = r + 1/2
<latexit sha1_base64="NguKu0QIDtVrCEfNe+tA8euSLxM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEOpuKehFKHjxWMF+SLuUbJptQ5PskmSFZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weR25neeqNIskg8mjakv8EiykBFsrPSYohukLrzL2qBccavuHGiVeDmpQI7moPzVH0YkEVQawrHWPc+NjZ9hZRjhdFrqJ5rGmEzwiPYslVhQ7Wfzg6fozCpDFEbKljRorv6eyLDQOhWB7RTYjPWyNxP/83qJCa/9jMk4MVSSxaIw4chEaPY9GjJFieGpJZgoZm9FZIwVJsZmVLIheMsvr5J2req5Ve++XmnU8jiKcAKncA4eXEED7qAJLSAg4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gCcwY7p</latexit><latexit sha1_base64="NguKu0QIDtVrCEfNe+tA8euSLxM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEOpuKehFKHjxWMF+SLuUbJptQ5PskmSFZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weR25neeqNIskg8mjakv8EiykBFsrPSYohukLrzL2qBccavuHGiVeDmpQI7moPzVH0YkEVQawrHWPc+NjZ9hZRjhdFrqJ5rGmEzwiPYslVhQ7Wfzg6fozCpDFEbKljRorv6eyLDQOhWB7RTYjPWyNxP/83qJCa/9jMk4MVSSxaIw4chEaPY9GjJFieGpJZgoZm9FZIwVJsZmVLIheMsvr5J2req5Ve++XmnU8jiKcAKncA4eXEED7qAJLSAg4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gCcwY7p</latexit><latexit sha1_base64="NguKu0QIDtVrCEfNe+tA8euSLxM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEOpuKehFKHjxWMF+SLuUbJptQ5PskmSFZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weR25neeqNIskg8mjakv8EiykBFsrPSYohukLrzL2qBccavuHGiVeDmpQI7moPzVH0YkEVQawrHWPc+NjZ9hZRjhdFrqJ5rGmEzwiPYslVhQ7Wfzg6fozCpDFEbKljRorv6eyLDQOhWB7RTYjPWyNxP/83qJCa/9jMk4MVSSxaIw4chEaPY9GjJFieGpJZgoZm9FZIwVJsZmVLIheMsvr5J2req5Ve++XmnU8jiKcAKncA4eXEED7qAJLSAg4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gCcwY7p</latexit><latexit sha1_base64="NguKu0QIDtVrCEfNe+tA8euSLxM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEOpuKehFKHjxWMF+SLuUbJptQ5PskmSFZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weR25neeqNIskg8mjakv8EiykBFsrPSYohukLrzL2qBccavuHGiVeDmpQI7moPzVH0YkEVQawrHWPc+NjZ9hZRjhdFrqJ5rGmEzwiPYslVhQ7Wfzg6fozCpDFEbKljRorv6eyLDQOhWB7RTYjPWyNxP/83qJCa/9jMk4MVSSxaIw4chEaPY9GjJFieGpJZgoZm9FZIwVJsZmVLIheMsvr5J2req5Ve++XmnU8jiKcAKncA4eXEED7qAJLSAg4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gCcwY7p</latexit>

r1 = cos ✓ +
1

2
<latexit sha1_base64="zz/K6hI6ZVQycBFBcifyrsm4SR0=">AAACCHicbVBNS8NAEN3Ur1q/oh49uFgEQShJEfQiFLx4rGA/oAlhs920SzebsDsRSujRi3/FiwdFvPoTvPlv3LY5aOuDgcd7M8zMC1PBNTjOt1VaWV1b3yhvVra2d3b37P2Dtk4yRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wdDP1Ow9MaZ7IexinzI/JQPKIUwJGCuxjFbj4Gns00diDIQOCz7EXKUJzd5LXJ4FddWrODHiZuAWpogLNwP7y+gnNYiaBCqJ1z3VS8HOigFPBJhUv0ywldEQGrGeoJDHTfj57ZIJPjdLHUaJMScAz9fdETmKtx3FoOmMCQ73oTcX/vF4G0ZWfc5lmwCSdL4oygSHB01RwnytGQYwNIVRxcyumQ2JSAJNdxYTgLr68TNr1muvU3LuLaqNexFFGR+gEnSEXXaIGukVN1EIUPaJn9IrerCfrxXq3PuatJauYOUR/YH3+AFYlmDk=</latexit><latexit sha1_base64="zz/K6hI6ZVQycBFBcifyrsm4SR0=">AAACCHicbVBNS8NAEN3Ur1q/oh49uFgEQShJEfQiFLx4rGA/oAlhs920SzebsDsRSujRi3/FiwdFvPoTvPlv3LY5aOuDgcd7M8zMC1PBNTjOt1VaWV1b3yhvVra2d3b37P2Dtk4yRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wdDP1Ow9MaZ7IexinzI/JQPKIUwJGCuxjFbj4Gns00diDIQOCz7EXKUJzd5LXJ4FddWrODHiZuAWpogLNwP7y+gnNYiaBCqJ1z3VS8HOigFPBJhUv0ywldEQGrGeoJDHTfj57ZIJPjdLHUaJMScAz9fdETmKtx3FoOmMCQ73oTcX/vF4G0ZWfc5lmwCSdL4oygSHB01RwnytGQYwNIVRxcyumQ2JSAJNdxYTgLr68TNr1muvU3LuLaqNexFFGR+gEnSEXXaIGukVN1EIUPaJn9IrerCfrxXq3PuatJauYOUR/YH3+AFYlmDk=</latexit><latexit sha1_base64="zz/K6hI6ZVQycBFBcifyrsm4SR0=">AAACCHicbVBNS8NAEN3Ur1q/oh49uFgEQShJEfQiFLx4rGA/oAlhs920SzebsDsRSujRi3/FiwdFvPoTvPlv3LY5aOuDgcd7M8zMC1PBNTjOt1VaWV1b3yhvVra2d3b37P2Dtk4yRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wdDP1Ow9MaZ7IexinzI/JQPKIUwJGCuxjFbj4Gns00diDIQOCz7EXKUJzd5LXJ4FddWrODHiZuAWpogLNwP7y+gnNYiaBCqJ1z3VS8HOigFPBJhUv0ywldEQGrGeoJDHTfj57ZIJPjdLHUaJMScAz9fdETmKtx3FoOmMCQ73oTcX/vF4G0ZWfc5lmwCSdL4oygSHB01RwnytGQYwNIVRxcyumQ2JSAJNdxYTgLr68TNr1muvU3LuLaqNexFFGR+gEnSEXXaIGukVN1EIUPaJn9IrerCfrxXq3PuatJauYOUR/YH3+AFYlmDk=</latexit><latexit sha1_base64="zz/K6hI6ZVQycBFBcifyrsm4SR0=">AAACCHicbVBNS8NAEN3Ur1q/oh49uFgEQShJEfQiFLx4rGA/oAlhs920SzebsDsRSujRi3/FiwdFvPoTvPlv3LY5aOuDgcd7M8zMC1PBNTjOt1VaWV1b3yhvVra2d3b37P2Dtk4yRVmLJiJR3ZBoJrhkLeAgWDdVjMShYJ1wdDP1Ow9MaZ7IexinzI/JQPKIUwJGCuxjFbj4Gns00diDIQOCz7EXKUJzd5LXJ4FddWrODHiZuAWpogLNwP7y+gnNYiaBCqJ1z3VS8HOigFPBJhUv0ywldEQGrGeoJDHTfj57ZIJPjdLHUaJMScAz9fdETmKtx3FoOmMCQ73oTcX/vF4G0ZWfc5lmwCSdL4oygSHB01RwnytGQYwNIVRxcyumQ2JSAJNdxYTgLr68TNr1muvU3LuLaqNexFFGR+gEnSEXXaIGukVN1EIUPaJn9IrerCfrxXq3PuatJauYOUR/YH3+AFYlmDk=</latexit>

r2 = cos

✓
2⇡

3
� ✓

◆
+

1

2
<latexit sha1_base64="TD7/g+jT3wfL5vbJSTtfamcE+8E="></latexit><latexit sha1_base64="TD7/g+jT3wfL5vbJSTtfamcE+8E="></latexit><latexit sha1_base64="TD7/g+jT3wfL5vbJSTtfamcE+8E="></latexit><latexit sha1_base64="TD7/g+jT3wfL5vbJSTtfamcE+8E="></latexit>

r3 = cos

✓
2⇡

3
+ ✓

◆
+

1

2
<latexit sha1_base64="zY+pxsB6X2jOwCYQMcKmyWsmT3g="></latexit><latexit sha1_base64="zY+pxsB6X2jOwCYQMcKmyWsmT3g="></latexit><latexit sha1_base64="zY+pxsB6X2jOwCYQMcKmyWsmT3g="></latexit><latexit sha1_base64="zY+pxsB6X2jOwCYQMcKmyWsmT3g="></latexit>

r(t⇤) = cos

✓
2⇡

3
� ✓(t⇤)

◆
+

1

2
<latexit sha1_base64="qafvd4dcLDBxTS6BpxeduVW/t58="></latexit><latexit sha1_base64="qafvd4dcLDBxTS6BpxeduVW/t58="></latexit><latexit sha1_base64="qafvd4dcLDBxTS6BpxeduVW/t58="></latexit><latexit sha1_base64="qafvd4dcLDBxTS6BpxeduVW/t58="></latexit>

✓(t⇤) =
1

3
arccos(2t⇤ � 1)

<latexit sha1_base64="b6WlLGfkbnV83696zOkLy6RK2bk=">AAACF3icbVDLSgNBEJyNrxhfqx69DAYhEQw7UdCLEPDiMYJ5QDaE2clsMmT2wUyvEJb8hRd/xYsHRbzqzb9xkuxBEwsaiqpuuru8WAoNjvNt5VZW19Y38puFre2d3T17/6Cpo0Qx3mCRjFTbo5pLEfIGCJC8HStOA0/ylje6mfqtB660iMJ7GMe8G9BBKHzBKBipZ1dcGHKgJeidlvE1dn1FWUom6fkEu1QxFmlcwlVsbHyGSblnF52KMwNeJiQjRZSh3rO/3H7EkoCHwCTVukOcGLopVSCY5JOCm2geUzaiA94xNKQB19109tcEnxilj/1ImQoBz9TfEykNtB4HnukMKAz1ojcV//M6CfhX3VSEcQI8ZPNFfiIxRHgaEu4LxRnIsSGUKWFuxWxITTRgoiyYEMjiy8ukWa0Qp0LuLoq1ahZHHh2hY1RCBF2iGrpFddRADD2iZ/SK3qwn68V6tz7mrTkrmzlEf2B9/gC4TZxl</latexit><latexit sha1_base64="b6WlLGfkbnV83696zOkLy6RK2bk=">AAACF3icbVDLSgNBEJyNrxhfqx69DAYhEQw7UdCLEPDiMYJ5QDaE2clsMmT2wUyvEJb8hRd/xYsHRbzqzb9xkuxBEwsaiqpuuru8WAoNjvNt5VZW19Y38puFre2d3T17/6Cpo0Qx3mCRjFTbo5pLEfIGCJC8HStOA0/ylje6mfqtB660iMJ7GMe8G9BBKHzBKBipZ1dcGHKgJeidlvE1dn1FWUom6fkEu1QxFmlcwlVsbHyGSblnF52KMwNeJiQjRZSh3rO/3H7EkoCHwCTVukOcGLopVSCY5JOCm2geUzaiA94xNKQB19109tcEnxilj/1ImQoBz9TfEykNtB4HnukMKAz1ojcV//M6CfhX3VSEcQI8ZPNFfiIxRHgaEu4LxRnIsSGUKWFuxWxITTRgoiyYEMjiy8ukWa0Qp0LuLoq1ahZHHh2hY1RCBF2iGrpFddRADD2iZ/SK3qwn68V6tz7mrTkrmzlEf2B9/gC4TZxl</latexit><latexit sha1_base64="b6WlLGfkbnV83696zOkLy6RK2bk=">AAACF3icbVDLSgNBEJyNrxhfqx69DAYhEQw7UdCLEPDiMYJ5QDaE2clsMmT2wUyvEJb8hRd/xYsHRbzqzb9xkuxBEwsaiqpuuru8WAoNjvNt5VZW19Y38puFre2d3T17/6Cpo0Qx3mCRjFTbo5pLEfIGCJC8HStOA0/ylje6mfqtB660iMJ7GMe8G9BBKHzBKBipZ1dcGHKgJeidlvE1dn1FWUom6fkEu1QxFmlcwlVsbHyGSblnF52KMwNeJiQjRZSh3rO/3H7EkoCHwCTVukOcGLopVSCY5JOCm2geUzaiA94xNKQB19109tcEnxilj/1ImQoBz9TfEykNtB4HnukMKAz1ojcV//M6CfhX3VSEcQI8ZPNFfiIxRHgaEu4LxRnIsSGUKWFuxWxITTRgoiyYEMjiy8ukWa0Qp0LuLoq1ahZHHh2hY1RCBF2iGrpFddRADD2iZ/SK3qwn68V6tz7mrTkrmzlEf2B9/gC4TZxl</latexit><latexit sha1_base64="b6WlLGfkbnV83696zOkLy6RK2bk=">AAACF3icbVDLSgNBEJyNrxhfqx69DAYhEQw7UdCLEPDiMYJ5QDaE2clsMmT2wUyvEJb8hRd/xYsHRbzqzb9xkuxBEwsaiqpuuru8WAoNjvNt5VZW19Y38puFre2d3T17/6Cpo0Qx3mCRjFTbo5pLEfIGCJC8HStOA0/ylje6mfqtB660iMJ7GMe8G9BBKHzBKBipZ1dcGHKgJeidlvE1dn1FWUom6fkEu1QxFmlcwlVsbHyGSblnF52KMwNeJiQjRZSh3rO/3H7EkoCHwCTVukOcGLopVSCY5JOCm2geUzaiA94xNKQB19109tcEnxilj/1ImQoBz9TfEykNtB4HnukMKAz1ojcV//M6CfhX3VSEcQI8ZPNFfiIxRHgaEu4LxRnIsSGUKWFuxWxITTRgoiyYEMjiy8ukWa0Qp0LuLoq1ahZHHh2hY1RCBF2iGrpFddRADD2iZ/SK3qwn68V6tz7mrTkrmzlEf2B9/gC4TZxl</latexit>
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Numerical Implementation
• At end of previous timestep     à

• Radius at 

• Radius at

• Express new radius as radius change 
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tn⇤<latexit sha1_base64="elRjsW6Ipp16iBBANXkhlAOGUdQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBZBPJSkCHosePFYwX5AG8tmu2nXbjZhdyKU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGre5wk3I/oUIlQMIpWamH/4kGRfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/Nrp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye50MhOYM5cQSyrSwtxI2opoytAGVbAje8surpFWrem7Vu7us1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB87Kjo8=</latexit><latexit sha1_base64="elRjsW6Ipp16iBBANXkhlAOGUdQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBZBPJSkCHosePFYwX5AG8tmu2nXbjZhdyKU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGre5wk3I/oUIlQMIpWamH/4kGRfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/Nrp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye50MhOYM5cQSyrSwtxI2opoytAGVbAje8surpFWrem7Vu7us1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB87Kjo8=</latexit><latexit sha1_base64="elRjsW6Ipp16iBBANXkhlAOGUdQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBZBPJSkCHosePFYwX5AG8tmu2nXbjZhdyKU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGre5wk3I/oUIlQMIpWamH/4kGRfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/Nrp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye50MhOYM5cQSyrSwtxI2opoytAGVbAje8surpFWrem7Vu7us1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB87Kjo8=</latexit><latexit sha1_base64="elRjsW6Ipp16iBBANXkhlAOGUdQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBZBPJSkCHosePFYwX5AG8tmu2nXbjZhdyKU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGre5wk3I/oUIlQMIpWamH/4kGRfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/Nrp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMye50MhOYM5cQSyrSwtxI2opoytAGVbAje8surpFWrem7Vu7us1Gt5HEU4gVM4Bw+uoA630IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB87Kjo8=</latexit>

t⇤ = tn⇤<latexit sha1_base64="dCyHu3YUo+/2ha1IUEhcPjlX878=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRZBPJTdIuhFKHjxWMF+QLuWbJptQ7PZJZkVytKf4cWDIl79Nd78N6btHrT1QcLjvRlm5gWJFAZd99sprK1vbG4Vt0s7u3v7B+XDo5aJU814k8Uy1p2AGi6F4k0UKHkn0ZxGgeTtYHw789tPXBsRqwecJNyP6FCJUDCKVupi/4LcEPs/qn654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzlafkzCoDEsbaPoVkrv7uyGhkzCQKbGVEcWSWvZn4n9dNMbz2M6GSFLlii0FhKgnGZHY/GQjNGcqJJZRpYXclbEQ1ZWhTKtkQvOWTV0mrVvXcqnd/WanX8jiKcAKncA4eXEEd7qABTWAQwzO8wpuDzovz7nwsSgtO3nMMf+B8/gCebZAb</latexit><latexit sha1_base64="dCyHu3YUo+/2ha1IUEhcPjlX878=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRZBPJTdIuhFKHjxWMF+QLuWbJptQ7PZJZkVytKf4cWDIl79Nd78N6btHrT1QcLjvRlm5gWJFAZd99sprK1vbG4Vt0s7u3v7B+XDo5aJU814k8Uy1p2AGi6F4k0UKHkn0ZxGgeTtYHw789tPXBsRqwecJNyP6FCJUDCKVupi/4LcEPs/qn654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzlafkzCoDEsbaPoVkrv7uyGhkzCQKbGVEcWSWvZn4n9dNMbz2M6GSFLlii0FhKgnGZHY/GQjNGcqJJZRpYXclbEQ1ZWhTKtkQvOWTV0mrVvXcqnd/WanX8jiKcAKncA4eXEEd7qABTWAQwzO8wpuDzovz7nwsSgtO3nMMf+B8/gCebZAb</latexit><latexit sha1_base64="dCyHu3YUo+/2ha1IUEhcPjlX878=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRZBPJTdIuhFKHjxWMF+QLuWbJptQ7PZJZkVytKf4cWDIl79Nd78N6btHrT1QcLjvRlm5gWJFAZd99sprK1vbG4Vt0s7u3v7B+XDo5aJU814k8Uy1p2AGi6F4k0UKHkn0ZxGgeTtYHw789tPXBsRqwecJNyP6FCJUDCKVupi/4LcEPs/qn654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzlafkzCoDEsbaPoVkrv7uyGhkzCQKbGVEcWSWvZn4n9dNMbz2M6GSFLlii0FhKgnGZHY/GQjNGcqJJZRpYXclbEQ1ZWhTKtkQvOWTV0mrVvXcqnd/WanX8jiKcAKncA4eXEEd7qABTWAQwzO8wpuDzovz7nwsSgtO3nMMf+B8/gCebZAb</latexit><latexit sha1_base64="dCyHu3YUo+/2ha1IUEhcPjlX878=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRZBPJTdIuhFKHjxWMF+QLuWbJptQ7PZJZkVytKf4cWDIl79Nd78N6btHrT1QcLjvRlm5gWJFAZd99sprK1vbG4Vt0s7u3v7B+XDo5aJU814k8Uy1p2AGi6F4k0UKHkn0ZxGgeTtYHw789tPXBsRqwecJNyP6FCJUDCKVupi/4LcEPs/qn654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzlafkzCoDEsbaPoVkrv7uyGhkzCQKbGVEcWSWvZn4n9dNMbz2M6GSFLlii0FhKgnGZHY/GQjNGcqJJZRpYXclbEQ1ZWhTKtkQvOWTV0mrVvXcqnd/WanX8jiKcAKncA4eXEEd7qABTWAQwzO8wpuDzovz7nwsSgtO3nMMf+B8/gCebZAb</latexit>

tn+1
⇤ = tn⇤ +�t⇤

<latexit sha1_base64="mKYdKjikO7dKvcjFGrD20XU0TH0=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiiIUyUwTdCAVduKxgL9COQyZN29BMZkjOCGXozo2v4saFIm59BXe+jZm2C239IfDlP+eQnD+IBdfgON9Wbml5ZXUtv17Y2Nza3rF39xo6ShRldRqJSLUCopngktWBg2CtWDESBoI1g+FVVm8+MKV5JO9gFDMvJH3Je5wSMJZvH4J/ep/KkjvGlzhjiUu4c80EkOzq20Wn7EyEF8GdQRHNVPPtr043oknIJFBBtG67TgxeShRwKti40Ek0iwkdkj5rG5QkZNpLJ3uM8bFxurgXKXMk4In7eyIlodajMDCdIYGBnq9l5n+1dgK9Cy/lMk6ASTp9qJcIDBHOQsFdrhgFMTJAqOLmr5gOiCIUTHQFE4I7v/IiNCpl1ym7t2fFamUWRx4doCN0glx0jqroBtVQHVH0iJ7RK3qznqwX6936mLbmrNnMPvoj6/MHTGOW+A==</latexit><latexit sha1_base64="mKYdKjikO7dKvcjFGrD20XU0TH0=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiiIUyUwTdCAVduKxgL9COQyZN29BMZkjOCGXozo2v4saFIm59BXe+jZm2C239IfDlP+eQnD+IBdfgON9Wbml5ZXUtv17Y2Nza3rF39xo6ShRldRqJSLUCopngktWBg2CtWDESBoI1g+FVVm8+MKV5JO9gFDMvJH3Je5wSMJZvH4J/ep/KkjvGlzhjiUu4c80EkOzq20Wn7EyEF8GdQRHNVPPtr043oknIJFBBtG67TgxeShRwKti40Ek0iwkdkj5rG5QkZNpLJ3uM8bFxurgXKXMk4In7eyIlodajMDCdIYGBnq9l5n+1dgK9Cy/lMk6ASTp9qJcIDBHOQsFdrhgFMTJAqOLmr5gOiCIUTHQFE4I7v/IiNCpl1ym7t2fFamUWRx4doCN0glx0jqroBtVQHVH0iJ7RK3qznqwX6936mLbmrNnMPvoj6/MHTGOW+A==</latexit><latexit sha1_base64="mKYdKjikO7dKvcjFGrD20XU0TH0=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiiIUyUwTdCAVduKxgL9COQyZN29BMZkjOCGXozo2v4saFIm59BXe+jZm2C239IfDlP+eQnD+IBdfgON9Wbml5ZXUtv17Y2Nza3rF39xo6ShRldRqJSLUCopngktWBg2CtWDESBoI1g+FVVm8+MKV5JO9gFDMvJH3Je5wSMJZvH4J/ep/KkjvGlzhjiUu4c80EkOzq20Wn7EyEF8GdQRHNVPPtr043oknIJFBBtG67TgxeShRwKti40Ek0iwkdkj5rG5QkZNpLJ3uM8bFxurgXKXMk4In7eyIlodajMDCdIYGBnq9l5n+1dgK9Cy/lMk6ASTp9qJcIDBHOQsFdrhgFMTJAqOLmr5gOiCIUTHQFE4I7v/IiNCpl1ym7t2fFamUWRx4doCN0glx0jqroBtVQHVH0iJ7RK3qznqwX6936mLbmrNnMPvoj6/MHTGOW+A==</latexit><latexit sha1_base64="mKYdKjikO7dKvcjFGrD20XU0TH0=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiiIUyUwTdCAVduKxgL9COQyZN29BMZkjOCGXozo2v4saFIm59BXe+jZm2C239IfDlP+eQnD+IBdfgON9Wbml5ZXUtv17Y2Nza3rF39xo6ShRldRqJSLUCopngktWBg2CtWDESBoI1g+FVVm8+MKV5JO9gFDMvJH3Je5wSMJZvH4J/ep/KkjvGlzhjiUu4c80EkOzq20Wn7EyEF8GdQRHNVPPtr043oknIJFBBtG67TgxeShRwKti40Ek0iwkdkj5rG5QkZNpLJ3uM8bFxurgXKXMk4In7eyIlodajMDCdIYGBnq9l5n+1dgK9Cy/lMk6ASTp9qJcIDBHOQsFdrhgFMTJAqOLmr5gOiCIUTHQFE4I7v/IiNCpl1ym7t2fFamUWRx4doCN0glx0jqroBtVQHVH0iJ7RK3qznqwX6936mLbmrNnMPvoj6/MHTGOW+A==</latexit>

tn+1
⇤

<latexit sha1_base64="oUmQRsNiMXeW+J1ko33HvWwbblE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSKIQkmKoMeCF48V7Ae2sWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFKD9g7f8zUhTchvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2YXT8ipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+j7pC80ZyrEllGlhbyVsSDVlaEMq2hC8xZeXSbNa8dyKd3dZrlXzOApwDCdwBh5cQQ1uoQ4NYKDgGV7hzTHOi/PufMxbV5x85gj+wPn8AXCIkAs=</latexit><latexit sha1_base64="oUmQRsNiMXeW+J1ko33HvWwbblE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSKIQkmKoMeCF48V7Ae2sWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFKD9g7f8zUhTchvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2YXT8ipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+j7pC80ZyrEllGlhbyVsSDVlaEMq2hC8xZeXSbNa8dyKd3dZrlXzOApwDCdwBh5cQQ1uoQ4NYKDgGV7hzTHOi/PufMxbV5x85gj+wPn8AXCIkAs=</latexit><latexit sha1_base64="oUmQRsNiMXeW+J1ko33HvWwbblE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSKIQkmKoMeCF48V7Ae2sWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFKD9g7f8zUhTchvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2YXT8ipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+j7pC80ZyrEllGlhbyVsSDVlaEMq2hC8xZeXSbNa8dyKd3dZrlXzOApwDCdwBh5cQQ1uoQ4NYKDgGV7hzTHOi/PufMxbV5x85gj+wPn8AXCIkAs=</latexit><latexit sha1_base64="oUmQRsNiMXeW+J1ko33HvWwbblE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSKIQkmKoMeCF48V7Ae2sWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFKD9g7f8zUhTchvVLZrbgzkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBP6MaBZN8UuymhieUjeiAdyxVNOLGz2YXT8ipVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+j7pC80ZyrEllGlhbyVsSDVlaEMq2hC8xZeXSbNa8dyKd3dZrlXzOApwDCdwBh5cQQ1uoQ4NYKDgGV7hzTHOi/PufMxbV5x85gj+wPn8AXCIkAs=</latexit>

rn = r(tn⇤ ) = cos

✓
2⇡

3
� ✓n

◆
+

1

2
<latexit sha1_base64="WSbEwPUMSUUqepU/z8xsX5AvkEY="></latexit><latexit sha1_base64="WSbEwPUMSUUqepU/z8xsX5AvkEY="></latexit><latexit sha1_base64="WSbEwPUMSUUqepU/z8xsX5AvkEY="></latexit><latexit sha1_base64="WSbEwPUMSUUqepU/z8xsX5AvkEY="></latexit>

rn+1 = r(tn+1
⇤ ) = cos

✓
2⇡

3
� ✓n+1

◆
+

1

2
<latexit sha1_base64="sA5z9+z3Wfa35ZGxWlE225hEBbo="></latexit><latexit sha1_base64="sA5z9+z3Wfa35ZGxWlE225hEBbo="></latexit><latexit sha1_base64="sA5z9+z3Wfa35ZGxWlE225hEBbo="></latexit><latexit sha1_base64="sA5z9+z3Wfa35ZGxWlE225hEBbo="></latexit>

�rn+1
n = rn+1 � rn = cos

✓
2⇡

3
� ✓n+1

◆
� cos

✓
2⇡

3
� ✓n

◆

<latexit sha1_base64="Xv2c6FP2l716ZZYc3uPgTBZ+zn0="></latexit><latexit sha1_base64="Xv2c6FP2l716ZZYc3uPgTBZ+zn0="></latexit><latexit sha1_base64="Xv2c6FP2l716ZZYc3uPgTBZ+zn0="></latexit><latexit sha1_base64="Xv2c6FP2l716ZZYc3uPgTBZ+zn0="></latexit>
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Transform to original dimensional variables
• Dimensional reaction radius:

• New reaction radius:

• Time nondimensionalization assumes     const:

• Accommodate variable properties by
– Approximate as constant during timestep 
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an = brn
<latexit sha1_base64="jt2akxLu6lW50f5N3JUqTro6x88=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh4MVjBfsBaVo22027dLMJuxOhlP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0ylMOi6305hY3Nre6e4W9rbPzg8Kh+ftEySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H47u5337i2ohEPeIk5UFMh0pEglG0kk97itySkOie6pcrbtVdgKwTLycVyNHol7+6g4RlMVfIJDXG99wUgynVKJjks1I3MzylbEyH3LdU0ZibYLo4eUYurDIgUaJtKSQL9ffElMbGTOLQdsYUR2bVm4v/eX6G0U0wFSrNkCu2XBRlkmBC5v+TgdCcoZxYQpkW9lbCRlRThjalkg3BW315nbRqVc+teg9XlXotj6MIZ3AOl+DBNdThHhrQBAYJPMMrvDnovDjvzseyteDkM6fwB87nD9ptkEI=</latexit><latexit sha1_base64="jt2akxLu6lW50f5N3JUqTro6x88=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh4MVjBfsBaVo22027dLMJuxOhlP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0ylMOi6305hY3Nre6e4W9rbPzg8Kh+ftEySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H47u5337i2ohEPeIk5UFMh0pEglG0kk97itySkOie6pcrbtVdgKwTLycVyNHol7+6g4RlMVfIJDXG99wUgynVKJjks1I3MzylbEyH3LdU0ZibYLo4eUYurDIgUaJtKSQL9ffElMbGTOLQdsYUR2bVm4v/eX6G0U0wFSrNkCu2XBRlkmBC5v+TgdCcoZxYQpkW9lbCRlRThjalkg3BW315nbRqVc+teg9XlXotj6MIZ3AOl+DBNdThHhrQBAYJPMMrvDnovDjvzseyteDkM6fwB87nD9ptkEI=</latexit><latexit sha1_base64="jt2akxLu6lW50f5N3JUqTro6x88=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh4MVjBfsBaVo22027dLMJuxOhlP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0ylMOi6305hY3Nre6e4W9rbPzg8Kh+ftEySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H47u5337i2ohEPeIk5UFMh0pEglG0kk97itySkOie6pcrbtVdgKwTLycVyNHol7+6g4RlMVfIJDXG99wUgynVKJjks1I3MzylbEyH3LdU0ZibYLo4eUYurDIgUaJtKSQL9ffElMbGTOLQdsYUR2bVm4v/eX6G0U0wFSrNkCu2XBRlkmBC5v+TgdCcoZxYQpkW9lbCRlRThjalkg3BW315nbRqVc+teg9XlXotj6MIZ3AOl+DBNdThHhrQBAYJPMMrvDnovDjvzseyteDkM6fwB87nD9ptkEI=</latexit><latexit sha1_base64="jt2akxLu6lW50f5N3JUqTro6x88=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh4MVjBfsBaVo22027dLMJuxOhlP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0ylMOi6305hY3Nre6e4W9rbPzg8Kh+ftEySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H47u5337i2ohEPeIk5UFMh0pEglG0kk97itySkOie6pcrbtVdgKwTLycVyNHol7+6g4RlMVfIJDXG99wUgynVKJjks1I3MzylbEyH3LdU0ZibYLo4eUYurDIgUaJtKSQL9ffElMbGTOLQdsYUR2bVm4v/eX6G0U0wFSrNkCu2XBRlkmBC5v+TgdCcoZxYQpkW9lbCRlRThjalkg3BW315nbRqVc+teg9XlXotj6MIZ3AOl+DBNdThHhrQBAYJPMMrvDnovDjvzseyteDkM6fwB87nD9ptkEI=</latexit> an+1 = brn+1

<latexit sha1_base64="5Edo+/l6QvKDSjRv2UevrJO5nR8=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFEISSFEE3QsGNywr2Am0sk+mkHTqZhJmJEEJ9FTcuFHHrg7jzbZymWWjrDwMf/zmHc+b3Y86Udpxvq7S2vrG5Vd6u7Ozu7R/Yh0cdFSWS0DaJeCR7PlaUM0HbmmlOe7GkOPQ57frTm3m9+0ilYpG412lMvRCPBQsYwdpYQ7uKHzJx7s7QNfKRXPDQrjl1JxdaBbeAGhRqDe2vwSgiSUiFJhwr1XedWHsZlpoRTmeVQaJojMkUj2nfoMAhVV6WHz9Dp8YZoSCS5gmNcvf3RIZDpdLQN50h1hO1XJub/9X6iQ6uvIyJONFUkMWiIOFIR2ieBBoxSYnmqQFMJDO3IjLBEhNt8qqYENzlL69Cp1F3nbp7d1FrNoo4ynAMJ3AGLlxCE26hBW0gkMIzvMKb9WS9WO/Wx6K1ZBUzVfgj6/MHp+aTaw==</latexit><latexit sha1_base64="5Edo+/l6QvKDSjRv2UevrJO5nR8=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFEISSFEE3QsGNywr2Am0sk+mkHTqZhJmJEEJ9FTcuFHHrg7jzbZymWWjrDwMf/zmHc+b3Y86Udpxvq7S2vrG5Vd6u7Ozu7R/Yh0cdFSWS0DaJeCR7PlaUM0HbmmlOe7GkOPQ57frTm3m9+0ilYpG412lMvRCPBQsYwdpYQ7uKHzJx7s7QNfKRXPDQrjl1JxdaBbeAGhRqDe2vwSgiSUiFJhwr1XedWHsZlpoRTmeVQaJojMkUj2nfoMAhVV6WHz9Dp8YZoSCS5gmNcvf3RIZDpdLQN50h1hO1XJub/9X6iQ6uvIyJONFUkMWiIOFIR2ieBBoxSYnmqQFMJDO3IjLBEhNt8qqYENzlL69Cp1F3nbp7d1FrNoo4ynAMJ3AGLlxCE26hBW0gkMIzvMKb9WS9WO/Wx6K1ZBUzVfgj6/MHp+aTaw==</latexit><latexit sha1_base64="5Edo+/l6QvKDSjRv2UevrJO5nR8=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFEISSFEE3QsGNywr2Am0sk+mkHTqZhJmJEEJ9FTcuFHHrg7jzbZymWWjrDwMf/zmHc+b3Y86Udpxvq7S2vrG5Vd6u7Ozu7R/Yh0cdFSWS0DaJeCR7PlaUM0HbmmlOe7GkOPQ57frTm3m9+0ilYpG412lMvRCPBQsYwdpYQ7uKHzJx7s7QNfKRXPDQrjl1JxdaBbeAGhRqDe2vwSgiSUiFJhwr1XedWHsZlpoRTmeVQaJojMkUj2nfoMAhVV6WHz9Dp8YZoSCS5gmNcvf3RIZDpdLQN50h1hO1XJub/9X6iQ6uvIyJONFUkMWiIOFIR2ieBBoxSYnmqQFMJDO3IjLBEhNt8qqYENzlL69Cp1F3nbp7d1FrNoo4ynAMJ3AGLlxCE26hBW0gkMIzvMKb9WS9WO/Wx6K1ZBUzVfgj6/MHp+aTaw==</latexit><latexit sha1_base64="5Edo+/l6QvKDSjRv2UevrJO5nR8=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFEISSFEE3QsGNywr2Am0sk+mkHTqZhJmJEEJ9FTcuFHHrg7jzbZymWWjrDwMf/zmHc+b3Y86Udpxvq7S2vrG5Vd6u7Ozu7R/Yh0cdFSWS0DaJeCR7PlaUM0HbmmlOe7GkOPQ57frTm3m9+0ilYpG412lMvRCPBQsYwdpYQ7uKHzJx7s7QNfKRXPDQrjl1JxdaBbeAGhRqDe2vwSgiSUiFJhwr1XedWHsZlpoRTmeVQaJojMkUj2nfoMAhVV6WHz9Dp8YZoSCS5gmNcvf3RIZDpdLQN50h1hO1XJub/9X6iQ6uvIyJONFUkMWiIOFIR2ieBBoxSYnmqQFMJDO3IjLBEhNt8qqYENzlL69Cp1F3nbp7d1FrNoo4ynAMJ3AGLlxCE26hBW0gkMIzvMKb9WS9WO/Wx6K1ZBUzVfgj6/MHp+aTaw==</latexit>

⌧r
<latexit sha1_base64="L6rh49J0Y++yifQmlvEygJXTXLc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Owy0yOEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VZVIY9P1vb2Nza3tnt7RX3j84PDqunJy2TWo14y2WylR3I2q4FIq3UKDk3UxzmkSSd6LJ3dzvPHFtRKoecZrxMKEjJWLBKDqp00dqB5oMKlW/5i9A1klQkCoUaA4qX/1hymzCFTJJjekFfoZhTjUKJvms3LeGZ5RN6Ij3HFU04SbMF+fOyKVThiROtSuFZKH+nshpYsw0iVxnQnFsVr25+J/XsxjfhrlQmUWu2HJRbCXBlMx/J0OhOUM5dYQyLdythI2ppgxdQmUXQrD68jpp12uBXwserquNehFHCc7hAq4ggBtowD00oQUMJvAMr/DmZd6L9+59LFs3vGLmDP7A+/wB/paPRw==</latexit><latexit sha1_base64="L6rh49J0Y++yifQmlvEygJXTXLc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Owy0yOEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VZVIY9P1vb2Nza3tnt7RX3j84PDqunJy2TWo14y2WylR3I2q4FIq3UKDk3UxzmkSSd6LJ3dzvPHFtRKoecZrxMKEjJWLBKDqp00dqB5oMKlW/5i9A1klQkCoUaA4qX/1hymzCFTJJjekFfoZhTjUKJvms3LeGZ5RN6Ij3HFU04SbMF+fOyKVThiROtSuFZKH+nshpYsw0iVxnQnFsVr25+J/XsxjfhrlQmUWu2HJRbCXBlMx/J0OhOUM5dYQyLdythI2ppgxdQmUXQrD68jpp12uBXwserquNehFHCc7hAq4ggBtowD00oQUMJvAMr/DmZd6L9+59LFs3vGLmDP7A+/wB/paPRw==</latexit><latexit sha1_base64="L6rh49J0Y++yifQmlvEygJXTXLc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Owy0yOEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VZVIY9P1vb2Nza3tnt7RX3j84PDqunJy2TWo14y2WylR3I2q4FIq3UKDk3UxzmkSSd6LJ3dzvPHFtRKoecZrxMKEjJWLBKDqp00dqB5oMKlW/5i9A1klQkCoUaA4qX/1hymzCFTJJjekFfoZhTjUKJvms3LeGZ5RN6Ij3HFU04SbMF+fOyKVThiROtSuFZKH+nshpYsw0iVxnQnFsVr25+J/XsxjfhrlQmUWu2HJRbCXBlMx/J0OhOUM5dYQyLdythI2ppgxdQmUXQrD68jpp12uBXwserquNehFHCc7hAq4ggBtowD00oQUMJvAMr/DmZd6L9+59LFs3vGLmDP7A+/wB/paPRw==</latexit><latexit sha1_base64="L6rh49J0Y++yifQmlvEygJXTXLc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWME84BkCbOT2WTI7Owy0yOEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VZVIY9P1vb2Nza3tnt7RX3j84PDqunJy2TWo14y2WylR3I2q4FIq3UKDk3UxzmkSSd6LJ3dzvPHFtRKoecZrxMKEjJWLBKDqp00dqB5oMKlW/5i9A1klQkCoUaA4qX/1hymzCFTJJjekFfoZhTjUKJvms3LeGZ5RN6Ij3HFU04SbMF+fOyKVThiROtSuFZKH+nshpYsw0iVxnQnFsVr25+J/XsxjfhrlQmUWu2HJRbCXBlMx/J0OhOUM5dYQyLdythI2ppgxdQmUXQrD68jpp12uBXwserquNehFHCc7hAq4ggBtowD00oQUMJvAMr/DmZd6L9+59LFs3vGLmDP7A+/wB/paPRw==</latexit>

⌧r ! ⌧nr
<latexit sha1_base64="ejygTfJ/n1rXYl5lRcEaJSQdyFE=">AAACBHicbVA9SwNBEN2LXzF+RS3TLAbBKtwFQcuAjWUE8wG5M+xt9pIle7vH7pwSjhQ2/hUbC0Vs/RF2/hs3yRWa+GDg8d4MM/PCRHADrvvtFNbWNza3itulnd29/YPy4VHbqFRT1qJKKN0NiWGCS9YCDoJ1E81IHArWCcdXM79zz7ThSt7CJGFBTIaSR5wSsFK/XPGBpH2Nfc2HIyBaqwe8kO6sW3Vr7hx4lXg5qaIczX75yx8omsZMAhXEmJ7nJhBkRAOngk1LfmpYQuiYDFnPUkliZoJs/sQUn1plgCOlbUnAc/X3REZiYyZxaDtjAiOz7M3E/7xeCtFlkHGZpMAkXSyKUoFB4VkieMA1oyAmlhCqub0V0xHRhILNrWRD8JZfXiXtes1za97NebVRz+Moogo6QWfIQxeoga5RE7UQRY/oGb2iN+fJeXHenY9Fa8HJZ47RHzifPwmbmEg=</latexit><latexit sha1_base64="ejygTfJ/n1rXYl5lRcEaJSQdyFE=">AAACBHicbVA9SwNBEN2LXzF+RS3TLAbBKtwFQcuAjWUE8wG5M+xt9pIle7vH7pwSjhQ2/hUbC0Vs/RF2/hs3yRWa+GDg8d4MM/PCRHADrvvtFNbWNza3itulnd29/YPy4VHbqFRT1qJKKN0NiWGCS9YCDoJ1E81IHArWCcdXM79zz7ThSt7CJGFBTIaSR5wSsFK/XPGBpH2Nfc2HIyBaqwe8kO6sW3Vr7hx4lXg5qaIczX75yx8omsZMAhXEmJ7nJhBkRAOngk1LfmpYQuiYDFnPUkliZoJs/sQUn1plgCOlbUnAc/X3REZiYyZxaDtjAiOz7M3E/7xeCtFlkHGZpMAkXSyKUoFB4VkieMA1oyAmlhCqub0V0xHRhILNrWRD8JZfXiXtes1za97NebVRz+Moogo6QWfIQxeoga5RE7UQRY/oGb2iN+fJeXHenY9Fa8HJZ47RHzifPwmbmEg=</latexit><latexit sha1_base64="ejygTfJ/n1rXYl5lRcEaJSQdyFE=">AAACBHicbVA9SwNBEN2LXzF+RS3TLAbBKtwFQcuAjWUE8wG5M+xt9pIle7vH7pwSjhQ2/hUbC0Vs/RF2/hs3yRWa+GDg8d4MM/PCRHADrvvtFNbWNza3itulnd29/YPy4VHbqFRT1qJKKN0NiWGCS9YCDoJ1E81IHArWCcdXM79zz7ThSt7CJGFBTIaSR5wSsFK/XPGBpH2Nfc2HIyBaqwe8kO6sW3Vr7hx4lXg5qaIczX75yx8omsZMAhXEmJ7nJhBkRAOngk1LfmpYQuiYDFnPUkliZoJs/sQUn1plgCOlbUnAc/X3REZiYyZxaDtjAiOz7M3E/7xeCtFlkHGZpMAkXSyKUoFB4VkieMA1oyAmlhCqub0V0xHRhILNrWRD8JZfXiXtes1za97NebVRz+Moogo6QWfIQxeoga5RE7UQRY/oGb2iN+fJeXHenY9Fa8HJZ47RHzifPwmbmEg=</latexit><latexit sha1_base64="ejygTfJ/n1rXYl5lRcEaJSQdyFE=">AAACBHicbVA9SwNBEN2LXzF+RS3TLAbBKtwFQcuAjWUE8wG5M+xt9pIle7vH7pwSjhQ2/hUbC0Vs/RF2/hs3yRWa+GDg8d4MM/PCRHADrvvtFNbWNza3itulnd29/YPy4VHbqFRT1qJKKN0NiWGCS9YCDoJ1E81IHArWCcdXM79zz7ThSt7CJGFBTIaSR5wSsFK/XPGBpH2Nfc2HIyBaqwe8kO6sW3Vr7hx4lXg5qaIczX75yx8omsZMAhXEmJ7nJhBkRAOngk1LfmpYQuiYDFnPUkliZoJs/sQUn1plgCOlbUnAc/X3REZiYyZxaDtjAiOz7M3E/7xeCtFlkHGZpMAkXSyKUoFB4VkieMA1oyAmlhCqub0V0xHRhILNrWRD8JZfXiXtes1za97NebVRz+Moogo6QWfIQxeoga5RE7UQRY/oGb2iN+fJeXHenY9Fa8HJZ47RHzifPwmbmEg=</latexit>

tn⇤ =
tn

⌧r
<latexit sha1_base64="wMDlE5n5Z2m7k2uwv1CQaKg18Ns=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgE8VCSIuhFKHjxWMF+QJuGzXbTLt1swu5EKKHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmBYngGhzn2yqsrK6tbxQ3S1vbO7t79v5BU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwupn6rQemNI/lPYwT5kVkIHnIKQEj+fYR+Oc9ia9xN1SEZtCTk6wLJPXVxLfLTsWZAS8TNydllKPu21/dfkzTiEmggmjdcZ0EvIwo4FSwSambapYQOiID1jFUkohpL5v9MMGnRunjMFamJOCZ+nsiI5HW4ygwnRGBoV70puJ/XieF8MrLuExSYJLOF4WpwBDjaSC4zxWjIMaGEKq4uRXTITFhgImtZEJwF19eJs1qxXUq7t1FuVbN4yiiY3SCzpCLLlEN3aI6aiCKHtEzekVv1pP1Yr1bH/PWgpXPHKI/sD5/ALNQl4Q=</latexit><latexit sha1_base64="wMDlE5n5Z2m7k2uwv1CQaKg18Ns=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgE8VCSIuhFKHjxWMF+QJuGzXbTLt1swu5EKKHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmBYngGhzn2yqsrK6tbxQ3S1vbO7t79v5BU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwupn6rQemNI/lPYwT5kVkIHnIKQEj+fYR+Oc9ia9xN1SEZtCTk6wLJPXVxLfLTsWZAS8TNydllKPu21/dfkzTiEmggmjdcZ0EvIwo4FSwSambapYQOiID1jFUkohpL5v9MMGnRunjMFamJOCZ+nsiI5HW4ygwnRGBoV70puJ/XieF8MrLuExSYJLOF4WpwBDjaSC4zxWjIMaGEKq4uRXTITFhgImtZEJwF19eJs1qxXUq7t1FuVbN4yiiY3SCzpCLLlEN3aI6aiCKHtEzekVv1pP1Yr1bH/PWgpXPHKI/sD5/ALNQl4Q=</latexit><latexit sha1_base64="wMDlE5n5Z2m7k2uwv1CQaKg18Ns=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgE8VCSIuhFKHjxWMF+QJuGzXbTLt1swu5EKKHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmBYngGhzn2yqsrK6tbxQ3S1vbO7t79v5BU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwupn6rQemNI/lPYwT5kVkIHnIKQEj+fYR+Oc9ia9xN1SEZtCTk6wLJPXVxLfLTsWZAS8TNydllKPu21/dfkzTiEmggmjdcZ0EvIwo4FSwSambapYQOiID1jFUkohpL5v9MMGnRunjMFamJOCZ+nsiI5HW4ygwnRGBoV70puJ/XieF8MrLuExSYJLOF4WpwBDjaSC4zxWjIMaGEKq4uRXTITFhgImtZEJwF19eJs1qxXUq7t1FuVbN4yiiY3SCzpCLLlEN3aI6aiCKHtEzekVv1pP1Yr1bH/PWgpXPHKI/sD5/ALNQl4Q=</latexit><latexit sha1_base64="wMDlE5n5Z2m7k2uwv1CQaKg18Ns=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgE8VCSIuhFKHjxWMF+QJuGzXbTLt1swu5EKKHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmBYngGhzn2yqsrK6tbxQ3S1vbO7t79v5BU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwupn6rQemNI/lPYwT5kVkIHnIKQEj+fYR+Oc9ia9xN1SEZtCTk6wLJPXVxLfLTsWZAS8TNydllKPu21/dfkzTiEmggmjdcZ0EvIwo4FSwSambapYQOiID1jFUkohpL5v9MMGnRunjMFamJOCZ+nsiI5HW4ygwnRGBoV70puJ/XieF8MrLuExSYJLOF4WpwBDjaSC4zxWjIMaGEKq4uRXTITFhgImtZEJwF19eJs1qxXUq7t1FuVbN4yiiY3SCzpCLLlEN3aI6aiCKHtEzekVv1pP1Yr1bH/PWgpXPHKI/sD5/ALNQl4Q=</latexit>

✓n =
1

3
arccos

✓
2
tn

⌧nr
� 1

◆

<latexit sha1_base64="R4SJRK22Uwy1iU8ilrSMDyv2yUg="></latexit><latexit sha1_base64="R4SJRK22Uwy1iU8ilrSMDyv2yUg="></latexit><latexit sha1_base64="R4SJRK22Uwy1iU8ilrSMDyv2yUg="></latexit><latexit sha1_base64="R4SJRK22Uwy1iU8ilrSMDyv2yUg="></latexit>

✓n+1 =
1

3
arccos

✓
2


tn +�t

⌧nr

�
� 1

◆

<latexit sha1_base64="A0Ja0OjqYzb+c35g4Quyr0XNxHI="></latexit><latexit sha1_base64="A0Ja0OjqYzb+c35g4Quyr0XNxHI="></latexit><latexit sha1_base64="A0Ja0OjqYzb+c35g4Quyr0XNxHI="></latexit><latexit sha1_base64="A0Ja0OjqYzb+c35g4Quyr0XNxHI="></latexit>

an+1 = an + b�rn+1
n

<latexit sha1_base64="igX3C8pm8I8dhXpizXRk6WTSXWc=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUEQAmE3CNoIAS0sI5gH5MXdySQZMju7zNwVwpLexl+xsVDE1h+w82+cPApNPDBwOOdc7tzjR1IYdN1vJ7W2vrG5ld7O7Ozu7R9kD49qJow141UWylA3fDBcCsWrKFDyRqQ5BL7kdX90PfXrD1wbEap7HEe8HcBAib5ggFbqZnPQSVTBm9ArCh1FC9SnrRsuEaieG10byrtFdwa6SrwFyZMFKt3sV6sXsjjgCpkEY5qeG2E7AY2CST7JtGLDI2AjGPCmpQoCbtrJ7JYJPbVKj/ZDbZ9COlN/TyQQGDMOfJsMAIdm2ZuK/3nNGPuX7USoKEau2HxRP5YUQzothvaE5gzl2BJgWti/UjYEDQxtfRlbgrd88iqplYqeW/TuzvPl0qKONDkhOXJGPHJByuSWVEiVMPJInskreXOenBfn3fmYR1POYuaY/IHz+QOQL5jM</latexit><latexit sha1_base64="igX3C8pm8I8dhXpizXRk6WTSXWc=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUEQAmE3CNoIAS0sI5gH5MXdySQZMju7zNwVwpLexl+xsVDE1h+w82+cPApNPDBwOOdc7tzjR1IYdN1vJ7W2vrG5ld7O7Ozu7R9kD49qJow141UWylA3fDBcCsWrKFDyRqQ5BL7kdX90PfXrD1wbEap7HEe8HcBAib5ggFbqZnPQSVTBm9ArCh1FC9SnrRsuEaieG10byrtFdwa6SrwFyZMFKt3sV6sXsjjgCpkEY5qeG2E7AY2CST7JtGLDI2AjGPCmpQoCbtrJ7JYJPbVKj/ZDbZ9COlN/TyQQGDMOfJsMAIdm2ZuK/3nNGPuX7USoKEau2HxRP5YUQzothvaE5gzl2BJgWti/UjYEDQxtfRlbgrd88iqplYqeW/TuzvPl0qKONDkhOXJGPHJByuSWVEiVMPJInskreXOenBfn3fmYR1POYuaY/IHz+QOQL5jM</latexit><latexit sha1_base64="igX3C8pm8I8dhXpizXRk6WTSXWc=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUEQAmE3CNoIAS0sI5gH5MXdySQZMju7zNwVwpLexl+xsVDE1h+w82+cPApNPDBwOOdc7tzjR1IYdN1vJ7W2vrG5ld7O7Ozu7R9kD49qJow141UWylA3fDBcCsWrKFDyRqQ5BL7kdX90PfXrD1wbEap7HEe8HcBAib5ggFbqZnPQSVTBm9ArCh1FC9SnrRsuEaieG10byrtFdwa6SrwFyZMFKt3sV6sXsjjgCpkEY5qeG2E7AY2CST7JtGLDI2AjGPCmpQoCbtrJ7JYJPbVKj/ZDbZ9COlN/TyQQGDMOfJsMAIdm2ZuK/3nNGPuX7USoKEau2HxRP5YUQzothvaE5gzl2BJgWti/UjYEDQxtfRlbgrd88iqplYqeW/TuzvPl0qKONDkhOXJGPHJByuSWVEiVMPJInskreXOenBfn3fmYR1POYuaY/IHz+QOQL5jM</latexit><latexit sha1_base64="igX3C8pm8I8dhXpizXRk6WTSXWc=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUEQAmE3CNoIAS0sI5gH5MXdySQZMju7zNwVwpLexl+xsVDE1h+w82+cPApNPDBwOOdc7tzjR1IYdN1vJ7W2vrG5ld7O7Ozu7R9kD49qJow141UWylA3fDBcCsWrKFDyRqQ5BL7kdX90PfXrD1wbEap7HEe8HcBAib5ggFbqZnPQSVTBm9ArCh1FC9SnrRsuEaieG10byrtFdwa6SrwFyZMFKt3sV6sXsjjgCpkEY5qeG2E7AY2CST7JtGLDI2AjGPCmpQoCbtrJ7JYJPbVKj/ZDbZ9COlN/TyQQGDMOfJsMAIdm2ZuK/3nNGPuX7USoKEau2HxRP5YUQzothvaE5gzl2BJgWti/UjYEDQxtfRlbgrd88iqplYqeW/TuzvPl0qKONDkhOXJGPHJByuSWVEiVMPJInskreXOenBfn3fmYR1POYuaY/IHz+QOQL5jM</latexit>
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Whole step discretization

• Solution is exact for constant 
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✓n =
1

3
arccos

✓
2
tn

⌧nr
� 1

◆

<latexit sha1_base64="R4SJRK22Uwy1iU8ilrSMDyv2yUg="></latexit><latexit sha1_base64="R4SJRK22Uwy1iU8ilrSMDyv2yUg="></latexit><latexit sha1_base64="R4SJRK22Uwy1iU8ilrSMDyv2yUg="></latexit><latexit sha1_base64="R4SJRK22Uwy1iU8ilrSMDyv2yUg="></latexit>

1

3
arccos

✓
2


tn +�t

⌧nr

�
� 1

◆
= ✓n+1

<latexit sha1_base64="qmb6cFyYWi28iEYuGZVYDoBNpYY="></latexit><latexit sha1_base64="qmb6cFyYWi28iEYuGZVYDoBNpYY="></latexit><latexit sha1_base64="qmb6cFyYWi28iEYuGZVYDoBNpYY="></latexit><latexit sha1_base64="qmb6cFyYWi28iEYuGZVYDoBNpYY="></latexit>

⌧r
<latexit sha1_base64="i9JYvznv6lv2pUZZwDmtQHlcyNo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9ZBmfdMvV/yqvwBZJ0FOKpCj0S9/9QaaZQlXyCS1thv4KYZTalAwyWelXmZ5StmYDnnXUUUTbsPp4toZuXDKgMTauFJIFurviSlNrJ0kketMKI7sqjcX//O6GcY34VSoNEOu2HJRnEmCmsxfJwNhOEM5cYQyI9ythI2ooQxdQCUXQrD68jpp1aqBXw3uryr1Wh5HEc7gHC4hgGuowx00oAkMHuEZXuHN096L9+59LFsLXj5zCn/gff4AprGPHQ==</latexit><latexit sha1_base64="i9JYvznv6lv2pUZZwDmtQHlcyNo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9ZBmfdMvV/yqvwBZJ0FOKpCj0S9/9QaaZQlXyCS1thv4KYZTalAwyWelXmZ5StmYDnnXUUUTbsPp4toZuXDKgMTauFJIFurviSlNrJ0kketMKI7sqjcX//O6GcY34VSoNEOu2HJRnEmCmsxfJwNhOEM5cYQyI9ythI2ooQxdQCUXQrD68jpp1aqBXw3uryr1Wh5HEc7gHC4hgGuowx00oAkMHuEZXuHN096L9+59LFsLXj5zCn/gff4AprGPHQ==</latexit><latexit sha1_base64="i9JYvznv6lv2pUZZwDmtQHlcyNo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9ZBmfdMvV/yqvwBZJ0FOKpCj0S9/9QaaZQlXyCS1thv4KYZTalAwyWelXmZ5StmYDnnXUUUTbsPp4toZuXDKgMTauFJIFurviSlNrJ0kketMKI7sqjcX//O6GcY34VSoNEOu2HJRnEmCmsxfJwNhOEM5cYQyI9ythI2ooQxdQCUXQrD68jpp1aqBXw3uryr1Wh5HEc7gHC4hgGuowx00oAkMHuEZXuHN096L9+59LFsLXj5zCn/gff4AprGPHQ==</latexit><latexit sha1_base64="i9JYvznv6lv2pUZZwDmtQHlcyNo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vcLG5tb2TnG3tLd/cHhUPj5pWZ0ZxptMS206EbVcCsWbKFDyTmo4TSLJ29H4du63n7ixQqsHnKQ8TOhQiVgwik5q9ZBmfdMvV/yqvwBZJ0FOKpCj0S9/9QaaZQlXyCS1thv4KYZTalAwyWelXmZ5StmYDnnXUUUTbsPp4toZuXDKgMTauFJIFurviSlNrJ0kketMKI7sqjcX//O6GcY34VSoNEOu2HJRnEmCmsxfJwNhOEM5cYQyI9ythI2ooQxdQCUXQrD68jpp1aqBXw3uryr1Wh5HEc7gHC4hgGuowx00oAkMHuEZXuHN096L9+59LFsLXj5zCn/gff4AprGPHQ==</latexit>

�rn+1
n = cos

✓
2⇡

3
� ✓n+1

◆
� cos

✓
2⇡

3
� ✓n

◆

<latexit sha1_base64="4zeih3UYlJgNlfPdCJOXNR9M2GQ="></latexit><latexit sha1_base64="4zeih3UYlJgNlfPdCJOXNR9M2GQ="></latexit><latexit sha1_base64="4zeih3UYlJgNlfPdCJOXNR9M2GQ="></latexit><latexit sha1_base64="4zeih3UYlJgNlfPdCJOXNR9M2GQ="></latexit>

<latexit sha1_base64="QftIebUzDfYx7i/n2HTAXh8GLqM=">AAACC3icbVC7SgNBFJ31GeMramkzJAhCIOwGRRshoIVlBPOAvLg7uUmGzM4uM7NCWNLb+Cs2ForY+gN2/o2TR6GJBwYO55zLnXv8SHBtXPfbWVldW9/YTG2lt3d29/YzB4dVHcaKYYWFIlR1HzQKLrFiuBFYjxRC4Aus+cPriV97QKV5KO/NKMJWAH3Je5yBsVInk4V2IvPemF5RaEuapz5t3qAwQNXM6NhQzi24U9Bl4s1JjsxR7mS+mt2QxQFKwwRo3fDcyLQSUIYzgeN0M9YYARtCHxuWSghQt5LpLWN6YpUu7YXKPmnoVP09kUCg9SjwbTIAM9CL3kT8z2vEpnfZSriMYoOSzRb1YkFNSCfF0C5XyIwYWQJMcftXygaggBlbX9qW4C2evEyqxYJ3XnDvznKl4ryOFDkmWXJKPHJBSuSWlEmFMPJInskreXOenBfn3fmYRVec+cwR+QPn8weRgZjQ</latexit>

an+1 = an + b�rn+1
n
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Integration with energy equation

• Energy equation is integrated with first order explicit scheme
– Use average particle temperature and mass conversion rate at n+1/2

• Need mass conversion rate at n+1/2
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dep
dt

=
Nu

2

cp
⌧T

(T1 � Tp) +
ṁCehf

mp
<latexit sha1_base64="MKm5d1I5eNCW9HuMX+DfDj1ADv0="></latexit><latexit sha1_base64="MKm5d1I5eNCW9HuMX+DfDj1ADv0="></latexit><latexit sha1_base64="MKm5d1I5eNCW9HuMX+DfDj1ADv0="></latexit><latexit sha1_base64="MKm5d1I5eNCW9HuMX+DfDj1ADv0="></latexit>

�ep
�t

=
Nu

2

cp
⌧T

(T1 � Tn+1/2
p ) +

ṁn+1/2
Ce hf

mp
<latexit sha1_base64="fMGbcSgcnWtN8078lgQIkpipOyc="></latexit><latexit sha1_base64="fMGbcSgcnWtN8078lgQIkpipOyc="></latexit><latexit sha1_base64="fMGbcSgcnWtN8078lgQIkpipOyc="></latexit><latexit sha1_base64="fMGbcSgcnWtN8078lgQIkpipOyc="></latexit>

Tn+1/2 =
Tn
p + Tn+1

p

2
<latexit sha1_base64="BwzbSrCYhFv18VkUMHz4UhmqlzA=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUKjUpgm6EghuXFfqCNg2T6aQdOpmEmYlQQj7Bjb/ixoUibl2682+ctFlo64HLPZxzLzP3eBGjUlnWt1FYWV1b3yhulra2d3b3zP2DtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS8yW3mdx6IkDTkTTWNiBOgEac+xUhpyTVPm4OEV+yLWgpvYN8XCCdNNxpwWIFZz7w0TWqpa5atqjUDXCZ2TsogR8M1v/rDEMcB4QozJGXPtiLlJEgoihlJS/1YkgjhCRqRnqYcBUQ6yeygFJ5oZQj9UOjiCs7U3xsJCqScBp6eDJAay0UvE//zerHyr52E8ihWhOP5Q37MoAphlg4cUkGwYlNNEBZU/xXiMdKpKJ1hSYdgL568TNq1qm1V7fvLcv08j6MIjsAxOAM2uAJ1cAcaoAUweATP4BW8GU/Gi/FufMxHC0a+cwj+wPj8AdRdmyQ=</latexit><latexit sha1_base64="BwzbSrCYhFv18VkUMHz4UhmqlzA=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUKjUpgm6EghuXFfqCNg2T6aQdOpmEmYlQQj7Bjb/ixoUibl2682+ctFlo64HLPZxzLzP3eBGjUlnWt1FYWV1b3yhulra2d3b3zP2DtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS8yW3mdx6IkDTkTTWNiBOgEac+xUhpyTVPm4OEV+yLWgpvYN8XCCdNNxpwWIFZz7w0TWqpa5atqjUDXCZ2TsogR8M1v/rDEMcB4QozJGXPtiLlJEgoihlJS/1YkgjhCRqRnqYcBUQ6yeygFJ5oZQj9UOjiCs7U3xsJCqScBp6eDJAay0UvE//zerHyr52E8ihWhOP5Q37MoAphlg4cUkGwYlNNEBZU/xXiMdKpKJ1hSYdgL568TNq1qm1V7fvLcv08j6MIjsAxOAM2uAJ1cAcaoAUweATP4BW8GU/Gi/FufMxHC0a+cwj+wPj8AdRdmyQ=</latexit><latexit sha1_base64="BwzbSrCYhFv18VkUMHz4UhmqlzA=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUKjUpgm6EghuXFfqCNg2T6aQdOpmEmYlQQj7Bjb/ixoUibl2682+ctFlo64HLPZxzLzP3eBGjUlnWt1FYWV1b3yhulra2d3b3zP2DtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS8yW3mdx6IkDTkTTWNiBOgEac+xUhpyTVPm4OEV+yLWgpvYN8XCCdNNxpwWIFZz7w0TWqpa5atqjUDXCZ2TsogR8M1v/rDEMcB4QozJGXPtiLlJEgoihlJS/1YkgjhCRqRnqYcBUQ6yeygFJ5oZQj9UOjiCs7U3xsJCqScBp6eDJAay0UvE//zerHyr52E8ihWhOP5Q37MoAphlg4cUkGwYlNNEBZU/xXiMdKpKJ1hSYdgL568TNq1qm1V7fvLcv08j6MIjsAxOAM2uAJ1cAcaoAUweATP4BW8GU/Gi/FufMxHC0a+cwj+wPj8AdRdmyQ=</latexit><latexit sha1_base64="BwzbSrCYhFv18VkUMHz4UhmqlzA=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUKjUpgm6EghuXFfqCNg2T6aQdOpmEmYlQQj7Bjb/ixoUibl2682+ctFlo64HLPZxzLzP3eBGjUlnWt1FYWV1b3yhulra2d3b3zP2DtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS8yW3mdx6IkDTkTTWNiBOgEac+xUhpyTVPm4OEV+yLWgpvYN8XCCdNNxpwWIFZz7w0TWqpa5atqjUDXCZ2TsogR8M1v/rDEMcB4QozJGXPtiLlJEgoihlJS/1YkgjhCRqRnqYcBUQ6yeygFJ5oZQj9UOjiCs7U3xsJCqScBp6eDJAay0UvE//zerHyr52E8ihWhOP5Q37MoAphlg4cUkGwYlNNEBZU/xXiMdKpKJ1hSYdgL568TNq1qm1V7fvLcv08j6MIjsAxOAM2uAJ1cAcaoAUweATP4BW8GU/Gi/FufMxHC0a+cwj+wPj8AdRdmyQ=</latexit>

en+1/2 = cpT
n+1/2
p

<latexit sha1_base64="Qn6JwyGjhqDEJEPSgGrGKkDMJC4=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCoNSkCHoRCl48VugXtDVstpN2cbMJuxuhhB68+Fe8eFDEqz/Cm//GbRtBWx8MPN6bYWaeH3OmtON8Wbml5ZXVtfx6YWNza3vH3t1rqiiRFBo04pFs+0QBZwIammkO7VgCCX0OLf/uauK37kEqFom6HsXQC8lAsIBRoo3k2UW4TcWxe1oZ40tMvRjXvfhH8eySU3amwIvEzUgJZah59me3H9EkBKEpJ0p1XCfWvZRIzSiHcaGbKIgJvSMD6BgqSAiql06fGONDo/RxEElTQuOp+nsiJaFSo9A3nSHRQzXvTcT/vE6ig4teykScaBB0tihIONYRniSC+0wC1XxkCKGSmVsxHRJJqDa5FUwI7vzLi6RZKbtO2b05K1VPsjjyqIgO0BFy0TmqomtUQw1E0QN6Qi/o1Xq0nq03633WmrOymX30B9bHN3lrlfw=</latexit><latexit sha1_base64="Qn6JwyGjhqDEJEPSgGrGKkDMJC4=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCoNSkCHoRCl48VugXtDVstpN2cbMJuxuhhB68+Fe8eFDEqz/Cm//GbRtBWx8MPN6bYWaeH3OmtON8Wbml5ZXVtfx6YWNza3vH3t1rqiiRFBo04pFs+0QBZwIammkO7VgCCX0OLf/uauK37kEqFom6HsXQC8lAsIBRoo3k2UW4TcWxe1oZ40tMvRjXvfhH8eySU3amwIvEzUgJZah59me3H9EkBKEpJ0p1XCfWvZRIzSiHcaGbKIgJvSMD6BgqSAiql06fGONDo/RxEElTQuOp+nsiJaFSo9A3nSHRQzXvTcT/vE6ig4teykScaBB0tihIONYRniSC+0wC1XxkCKGSmVsxHRJJqDa5FUwI7vzLi6RZKbtO2b05K1VPsjjyqIgO0BFy0TmqomtUQw1E0QN6Qi/o1Xq0nq03633WmrOymX30B9bHN3lrlfw=</latexit><latexit sha1_base64="Qn6JwyGjhqDEJEPSgGrGKkDMJC4=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCoNSkCHoRCl48VugXtDVstpN2cbMJuxuhhB68+Fe8eFDEqz/Cm//GbRtBWx8MPN6bYWaeH3OmtON8Wbml5ZXVtfx6YWNza3vH3t1rqiiRFBo04pFs+0QBZwIammkO7VgCCX0OLf/uauK37kEqFom6HsXQC8lAsIBRoo3k2UW4TcWxe1oZ40tMvRjXvfhH8eySU3amwIvEzUgJZah59me3H9EkBKEpJ0p1XCfWvZRIzSiHcaGbKIgJvSMD6BgqSAiql06fGONDo/RxEElTQuOp+nsiJaFSo9A3nSHRQzXvTcT/vE6ig4teykScaBB0tihIONYRniSC+0wC1XxkCKGSmVsxHRJJqDa5FUwI7vzLi6RZKbtO2b05K1VPsjjyqIgO0BFy0TmqomtUQw1E0QN6Qi/o1Xq0nq03633WmrOymX30B9bHN3lrlfw=</latexit><latexit sha1_base64="Qn6JwyGjhqDEJEPSgGrGKkDMJC4=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCoNSkCHoRCl48VugXtDVstpN2cbMJuxuhhB68+Fe8eFDEqz/Cm//GbRtBWx8MPN6bYWaeH3OmtON8Wbml5ZXVtfx6YWNza3vH3t1rqiiRFBo04pFs+0QBZwIammkO7VgCCX0OLf/uauK37kEqFom6HsXQC8lAsIBRoo3k2UW4TcWxe1oZ40tMvRjXvfhH8eySU3amwIvEzUgJZah59me3H9EkBKEpJ0p1XCfWvZRIzSiHcaGbKIgJvSMD6BgqSAiql06fGONDo/RxEElTQuOp+nsiJaFSo9A3nSHRQzXvTcT/vE6ig4teykScaBB0tihIONYRniSC+0wC1XxkCKGSmVsxHRJJqDa5FUwI7vzLi6RZKbtO2b05K1VPsjjyqIgO0BFy0TmqomtUQw1E0QN6Qi/o1Xq0nq03633WmrOymX30B9bHN3lrlfw=</latexit>

�ep
�t

✓
1 +

�t

⌧T

Nu

4

◆
=

Nu

2

cp
⌧T

(T1 � Tn
p ) +

ṁn+1/2
Ce hf

mp
<latexit sha1_base64="el4V4mvv/QOQod8TCNbLQpGkuZs="></latexit><latexit sha1_base64="el4V4mvv/QOQod8TCNbLQpGkuZs="></latexit><latexit sha1_base64="el4V4mvv/QOQod8TCNbLQpGkuZs="></latexit><latexit sha1_base64="el4V4mvv/QOQod8TCNbLQpGkuZs="></latexit>

en+1 = en +�e
<latexit sha1_base64="rSt1BF5/hYpFEXqFHcZME1aTaXQ=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFEColEUEvQkEPHivYD2jTstlO2qWbTdjdCCXUi3/FiwdFvPovvPlv3LY5aOuDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3v2Lt7dRUlkkKNRjySTZ8o4ExATTPNoRlLIKHPoeEPryd+4wGkYpG416MYvJD0BQsYJdpIXfsAOqkouWN8haEjcAm3b4BrgqFrF52yMwVeJG5GiihDtWt/tXsRTUIQmnKiVMt1Yu2lRGpGOYwL7URBTOiQ9KFlqCAhKC+dfjDGx0bp4SCSpoTGU/X3REpCpUahbzpDogdq3puI/3mtRAeXXspEnGgQdLYoSDjWEZ7EgXtMAtV8ZAihkplbMR0QSag2oRVMCO78y4ukflZ2nbJ7d16snGZx5NEhOkInyEUXqIJuURXVEEWP6Bm9ojfryXqx3q2PWWvOymb20R9Ynz+HJJTu</latexit><latexit sha1_base64="rSt1BF5/hYpFEXqFHcZME1aTaXQ=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFEColEUEvQkEPHivYD2jTstlO2qWbTdjdCCXUi3/FiwdFvPovvPlv3LY5aOuDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3v2Lt7dRUlkkKNRjySTZ8o4ExATTPNoRlLIKHPoeEPryd+4wGkYpG416MYvJD0BQsYJdpIXfsAOqkouWN8haEjcAm3b4BrgqFrF52yMwVeJG5GiihDtWt/tXsRTUIQmnKiVMt1Yu2lRGpGOYwL7URBTOiQ9KFlqCAhKC+dfjDGx0bp4SCSpoTGU/X3REpCpUahbzpDogdq3puI/3mtRAeXXspEnGgQdLYoSDjWEZ7EgXtMAtV8ZAihkplbMR0QSag2oRVMCO78y4ukflZ2nbJ7d16snGZx5NEhOkInyEUXqIJuURXVEEWP6Bm9ojfryXqx3q2PWWvOymb20R9Ynz+HJJTu</latexit><latexit sha1_base64="rSt1BF5/hYpFEXqFHcZME1aTaXQ=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFEColEUEvQkEPHivYD2jTstlO2qWbTdjdCCXUi3/FiwdFvPovvPlv3LY5aOuDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3v2Lt7dRUlkkKNRjySTZ8o4ExATTPNoRlLIKHPoeEPryd+4wGkYpG416MYvJD0BQsYJdpIXfsAOqkouWN8haEjcAm3b4BrgqFrF52yMwVeJG5GiihDtWt/tXsRTUIQmnKiVMt1Yu2lRGpGOYwL7URBTOiQ9KFlqCAhKC+dfjDGx0bp4SCSpoTGU/X3REpCpUahbzpDogdq3puI/3mtRAeXXspEnGgQdLYoSDjWEZ7EgXtMAtV8ZAihkplbMR0QSag2oRVMCO78y4ukflZ2nbJ7d16snGZx5NEhOkInyEUXqIJuURXVEEWP6Bm9ojfryXqx3q2PWWvOymb20R9Ynz+HJJTu</latexit><latexit sha1_base64="rSt1BF5/hYpFEXqFHcZME1aTaXQ=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFEColEUEvQkEPHivYD2jTstlO2qWbTdjdCCXUi3/FiwdFvPovvPlv3LY5aOuDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3v2Lt7dRUlkkKNRjySTZ8o4ExATTPNoRlLIKHPoeEPryd+4wGkYpG416MYvJD0BQsYJdpIXfsAOqkouWN8haEjcAm3b4BrgqFrF52yMwVeJG5GiihDtWt/tXsRTUIQmnKiVMt1Yu2lRGpGOYwL7URBTOiQ9KFlqCAhKC+dfjDGx0bp4SCSpoTGU/X3REpCpUahbzpDogdq3puI/3mtRAeXXspEnGgQdLYoSDjWEZ7EgXtMAtV8ZAihkplbMR0QSag2oRVMCO78y4ukflZ2nbJ7d16snGZx5NEhOkInyEUXqIJuURXVEEWP6Bm9ojfryXqx3q2PWWvOymb20R9Ynz+HJJTu</latexit>
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Mass conversion rate at n+1/2
• Mass conversion rate:

• Radius at n+1/2: 

20

ṁn+1/2
Ce = i4⇡an+1/2bD ⇢1Y1

b� an+1/2
<latexit sha1_base64="doK834zdSjPgvE+FkiNA0k0nNlk="></latexit><latexit sha1_base64="doK834zdSjPgvE+FkiNA0k0nNlk="></latexit><latexit sha1_base64="doK834zdSjPgvE+FkiNA0k0nNlk="></latexit><latexit sha1_base64="doK834zdSjPgvE+FkiNA0k0nNlk="></latexit>

an+1/2 = an + b�rn+1/2
n

<latexit sha1_base64="tMKGQqea1XGHxhUhT/Vz9DgD6P4=">AAACD3icbVDLSgMxFM3UV62vqks3waIIhTpTBN0IBV24rGAf0E7LnTTThmYyQ5IRytA/cOOvuHGhiFu37vwb03YEbT0QOJxzLjf3eBFnStv2l5VZWl5ZXcuu5zY2t7Z38rt7dRXGktAaCXkomx4oypmgNc00p81IUgg8Thve8GriN+6pVCwUd3oUUTeAvmA+I6CN1M0fQycRRee0PMaXGDoCF7GH29eUa8Dyx+qaYMEu2VPgReKkpIBSVLv5z3YvJHFAhSYclGo5dqTdBKRmhNNxrh0rGgEZQp+2DBUQUOUm03vG+MgoPeyH0jyh8VT9PZFAoNQo8EwyAD1Q895E/M9rxdq/cBMmolhTQWaL/JhjHeJJObjHJCWajwwBIpn5KyYDkEC0qTBnSnDmT14k9XLJsUvO7VmhYqd1ZNEBOkQnyEHnqIJuUBXVEEEP6Am9oFfr0Xq23qz3WTRjpTP76A+sj29u6Jm0</latexit><latexit sha1_base64="tMKGQqea1XGHxhUhT/Vz9DgD6P4=">AAACD3icbVDLSgMxFM3UV62vqks3waIIhTpTBN0IBV24rGAf0E7LnTTThmYyQ5IRytA/cOOvuHGhiFu37vwb03YEbT0QOJxzLjf3eBFnStv2l5VZWl5ZXcuu5zY2t7Z38rt7dRXGktAaCXkomx4oypmgNc00p81IUgg8Thve8GriN+6pVCwUd3oUUTeAvmA+I6CN1M0fQycRRee0PMaXGDoCF7GH29eUa8Dyx+qaYMEu2VPgReKkpIBSVLv5z3YvJHFAhSYclGo5dqTdBKRmhNNxrh0rGgEZQp+2DBUQUOUm03vG+MgoPeyH0jyh8VT9PZFAoNQo8EwyAD1Q895E/M9rxdq/cBMmolhTQWaL/JhjHeJJObjHJCWajwwBIpn5KyYDkEC0qTBnSnDmT14k9XLJsUvO7VmhYqd1ZNEBOkQnyEHnqIJuUBXVEEEP6Am9oFfr0Xq23qz3WTRjpTP76A+sj29u6Jm0</latexit><latexit sha1_base64="tMKGQqea1XGHxhUhT/Vz9DgD6P4=">AAACD3icbVDLSgMxFM3UV62vqks3waIIhTpTBN0IBV24rGAf0E7LnTTThmYyQ5IRytA/cOOvuHGhiFu37vwb03YEbT0QOJxzLjf3eBFnStv2l5VZWl5ZXcuu5zY2t7Z38rt7dRXGktAaCXkomx4oypmgNc00p81IUgg8Thve8GriN+6pVCwUd3oUUTeAvmA+I6CN1M0fQycRRee0PMaXGDoCF7GH29eUa8Dyx+qaYMEu2VPgReKkpIBSVLv5z3YvJHFAhSYclGo5dqTdBKRmhNNxrh0rGgEZQp+2DBUQUOUm03vG+MgoPeyH0jyh8VT9PZFAoNQo8EwyAD1Q895E/M9rxdq/cBMmolhTQWaL/JhjHeJJObjHJCWajwwBIpn5KyYDkEC0qTBnSnDmT14k9XLJsUvO7VmhYqd1ZNEBOkQnyEHnqIJuUBXVEEEP6Am9oFfr0Xq23qz3WTRjpTP76A+sj29u6Jm0</latexit><latexit sha1_base64="tMKGQqea1XGHxhUhT/Vz9DgD6P4=">AAACD3icbVDLSgMxFM3UV62vqks3waIIhTpTBN0IBV24rGAf0E7LnTTThmYyQ5IRytA/cOOvuHGhiFu37vwb03YEbT0QOJxzLjf3eBFnStv2l5VZWl5ZXcuu5zY2t7Z38rt7dRXGktAaCXkomx4oypmgNc00p81IUgg8Thve8GriN+6pVCwUd3oUUTeAvmA+I6CN1M0fQycRRee0PMaXGDoCF7GH29eUa8Dyx+qaYMEu2VPgReKkpIBSVLv5z3YvJHFAhSYclGo5dqTdBKRmhNNxrh0rGgEZQp+2DBUQUOUm03vG+MgoPeyH0jyh8VT9PZFAoNQo8EwyAD1Q895E/M9rxdq/cBMmolhTQWaL/JhjHeJJObjHJCWajwwBIpn5KyYDkEC0qTBnSnDmT14k9XLJsUvO7VmhYqd1ZNEBOkQnyEHnqIJuUBXVEEEP6Am9oFfr0Xq23qz3WTRjpTP76A+sj29u6Jm0</latexit>

�rn+1/2
n = cos

✓
2⇡

3
� ✓n+1/2

◆
� cos

✓
2⇡

3
� ✓n

◆

<latexit sha1_base64="LZ+uiHqYpNi0GLETN8/Cu7vamuQ="></latexit><latexit sha1_base64="LZ+uiHqYpNi0GLETN8/Cu7vamuQ="></latexit><latexit sha1_base64="LZ+uiHqYpNi0GLETN8/Cu7vamuQ="></latexit><latexit sha1_base64="LZ+uiHqYpNi0GLETN8/Cu7vamuQ="></latexit>

✓n+1/2 =
1

3
arccos

✓
2


tn +�t/2

⌧nr

�
� 1

◆

<latexit sha1_base64="e6q/YDfZpg3ciVh5K/8xk2TUQpc="></latexit><latexit sha1_base64="e6q/YDfZpg3ciVh5K/8xk2TUQpc="></latexit><latexit sha1_base64="e6q/YDfZpg3ciVh5K/8xk2TUQpc="></latexit><latexit sha1_base64="e6q/YDfZpg3ciVh5K/8xk2TUQpc="></latexit>
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Obtain final state at n+1
• Find updated energy

• Integrate radius another half step

21

�ep
�t

✓
1 +

�t

⌧T

Nu

4

◆
=

Nu

2

cp
⌧T

(T1 � Tn
p ) +

ṁn+1/2
Ce hf

mp
<latexit sha1_base64="el4V4mvv/QOQod8TCNbLQpGkuZs="></latexit><latexit sha1_base64="el4V4mvv/QOQod8TCNbLQpGkuZs="></latexit><latexit sha1_base64="el4V4mvv/QOQod8TCNbLQpGkuZs="></latexit><latexit sha1_base64="el4V4mvv/QOQod8TCNbLQpGkuZs="></latexit>

en+1 = en +�e
<latexit sha1_base64="rSt1BF5/hYpFEXqFHcZME1aTaXQ=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFEColEUEvQkEPHivYD2jTstlO2qWbTdjdCCXUi3/FiwdFvPovvPlv3LY5aOuDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3v2Lt7dRUlkkKNRjySTZ8o4ExATTPNoRlLIKHPoeEPryd+4wGkYpG416MYvJD0BQsYJdpIXfsAOqkouWN8haEjcAm3b4BrgqFrF52yMwVeJG5GiihDtWt/tXsRTUIQmnKiVMt1Yu2lRGpGOYwL7URBTOiQ9KFlqCAhKC+dfjDGx0bp4SCSpoTGU/X3REpCpUahbzpDogdq3puI/3mtRAeXXspEnGgQdLYoSDjWEZ7EgXtMAtV8ZAihkplbMR0QSag2oRVMCO78y4ukflZ2nbJ7d16snGZx5NEhOkInyEUXqIJuURXVEEWP6Bm9ojfryXqx3q2PWWvOymb20R9Ynz+HJJTu</latexit><latexit sha1_base64="rSt1BF5/hYpFEXqFHcZME1aTaXQ=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFEColEUEvQkEPHivYD2jTstlO2qWbTdjdCCXUi3/FiwdFvPovvPlv3LY5aOuDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3v2Lt7dRUlkkKNRjySTZ8o4ExATTPNoRlLIKHPoeEPryd+4wGkYpG416MYvJD0BQsYJdpIXfsAOqkouWN8haEjcAm3b4BrgqFrF52yMwVeJG5GiihDtWt/tXsRTUIQmnKiVMt1Yu2lRGpGOYwL7URBTOiQ9KFlqCAhKC+dfjDGx0bp4SCSpoTGU/X3REpCpUahbzpDogdq3puI/3mtRAeXXspEnGgQdLYoSDjWEZ7EgXtMAtV8ZAihkplbMR0QSag2oRVMCO78y4ukflZ2nbJ7d16snGZx5NEhOkInyEUXqIJuURXVEEWP6Bm9ojfryXqx3q2PWWvOymb20R9Ynz+HJJTu</latexit><latexit sha1_base64="rSt1BF5/hYpFEXqFHcZME1aTaXQ=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFEColEUEvQkEPHivYD2jTstlO2qWbTdjdCCXUi3/FiwdFvPovvPlv3LY5aOuDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3v2Lt7dRUlkkKNRjySTZ8o4ExATTPNoRlLIKHPoeEPryd+4wGkYpG416MYvJD0BQsYJdpIXfsAOqkouWN8haEjcAm3b4BrgqFrF52yMwVeJG5GiihDtWt/tXsRTUIQmnKiVMt1Yu2lRGpGOYwL7URBTOiQ9KFlqCAhKC+dfjDGx0bp4SCSpoTGU/X3REpCpUahbzpDogdq3puI/3mtRAeXXspEnGgQdLYoSDjWEZ7EgXtMAtV8ZAihkplbMR0QSag2oRVMCO78y4ukflZ2nbJ7d16snGZx5NEhOkInyEUXqIJuURXVEEWP6Bm9ojfryXqx3q2PWWvOymb20R9Ynz+HJJTu</latexit><latexit sha1_base64="rSt1BF5/hYpFEXqFHcZME1aTaXQ=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFEColEUEvQkEPHivYD2jTstlO2qWbTdjdCCXUi3/FiwdFvPovvPlv3LY5aOuDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3v2Lt7dRUlkkKNRjySTZ8o4ExATTPNoRlLIKHPoeEPryd+4wGkYpG416MYvJD0BQsYJdpIXfsAOqkouWN8haEjcAm3b4BrgqFrF52yMwVeJG5GiihDtWt/tXsRTUIQmnKiVMt1Yu2lRGpGOYwL7URBTOiQ9KFlqCAhKC+dfjDGx0bp4SCSpoTGU/X3REpCpUahbzpDogdq3puI/3mtRAeXXspEnGgQdLYoSDjWEZ7EgXtMAtV8ZAihkplbMR0QSag2oRVMCO78y4ukflZ2nbJ7d16snGZx5NEhOkInyEUXqIJuURXVEEWP6Bm9ojfryXqx3q2PWWvOymb20R9Ynz+HJJTu</latexit>

an+1 = an+1/2 + b�rn+1
n+1/2

<latexit sha1_base64="igxuwkkMGQP3gcHDKLXTeE52X/c=">AAACF3icbZDLSsNAFIYnXmu9VV26GSyCUIhJEXQjFHThsoK9QBvDyXTSDp1MwsxEKKFv4cZXceNCEbe6822ctllo64GBj/8/hzPnDxLOlHacb2tpeWV1bb2wUdzc2t7ZLe3tN1WcSkIbJOaxbAegKGeCNjTTnLYTSSEKOG0Fw6uJ33qgUrFY3OlRQr0I+oKFjIA2kl+y4T4TFXeML/GMTqtjXMEB7l5TrgHLme3nll8qO7YzLb wIbg5llFfdL311ezFJIyo04aBUx3US7WUgNSOcjovdVNEEyBD6tGNQQESVl03vGuNjo/RwGEvzhMZT9fdEBpFSoygwnRHogZr3JuJ/XifV4YWXMZGkmgoyWxSmHOsYT0LCPSYp0XxkAIhk5q+YDEAC0SbKognBnT95EZpV23Vs9/asXHPyOAroEB2hE+Sic1RDN6iOGoigR/SMXtGb9WS9WO/Wx6x1ycpnDtCfsj5/AA1CnKw=</latexit><latexit sha1_base64="igxuwkkMGQP3gcHDKLXTeE52X/c=">AAACF3icbZDLSsNAFIYnXmu9VV26GSyCUIhJEXQjFHThsoK9QBvDyXTSDp1MwsxEKKFv4cZXceNCEbe6822ctllo64GBj/8/hzPnDxLOlHacb2tpeWV1bb2wUdzc2t7ZLe3tN1WcSkIbJOaxbAegKGeCNjTTnLYTSSEKOG0Fw6uJ33qgUrFY3OlRQr0I+oKFjIA2kl+y4T4TFXeML/GMTqtjXMEB7l5TrgHLme3nll8qO7YzLb wIbg5llFfdL311ezFJIyo04aBUx3US7WUgNSOcjovdVNEEyBD6tGNQQESVl03vGuNjo/RwGEvzhMZT9fdEBpFSoygwnRHogZr3JuJ/XifV4YWXMZGkmgoyWxSmHOsYT0LCPSYp0XxkAIhk5q+YDEAC0SbKognBnT95EZpV23Vs9/asXHPyOAroEB2hE+Sic1RDN6iOGoigR/SMXtGb9WS9WO/Wx6x1ycpnDtCfsj5/AA1CnKw=</latexit><latexit sha1_base64="igxuwkkMGQP3gcHDKLXTeE52X/c=">AAACF3icbZDLSsNAFIYnXmu9VV26GSyCUIhJEXQjFHThsoK9QBvDyXTSDp1MwsxEKKFv4cZXceNCEbe6822ctllo64GBj/8/hzPnDxLOlHacb2tpeWV1bb2wUdzc2t7ZLe3tN1WcSkIbJOaxbAegKGeCNjTTnLYTSSEKOG0Fw6uJ33qgUrFY3OlRQr0I+oKFjIA2kl+y4T4TFXeML/GMTqtjXMEB7l5TrgHLme3nll8qO7YzLb wIbg5llFfdL311ezFJIyo04aBUx3US7WUgNSOcjovdVNEEyBD6tGNQQESVl03vGuNjo/RwGEvzhMZT9fdEBpFSoygwnRHogZr3JuJ/XifV4YWXMZGkmgoyWxSmHOsYT0LCPSYp0XxkAIhk5q+YDEAC0SbKognBnT95EZpV23Vs9/asXHPyOAroEB2hE+Sic1RDN6iOGoigR/SMXtGb9WS9WO/Wx6x1ycpnDtCfsj5/AA1CnKw=</latexit><latexit sha1_base64="igxuwkkMGQP3gcHDKLXTeE52X/c=">AAACF3icbZDLSsNAFIYnXmu9VV26GSyCUIhJEXQjFHThsoK9QBvDyXTSDp1MwsxEKKFv4cZXceNCEbe6822ctllo64GBj/8/hzPnDxLOlHacb2tpeWV1bb2wUdzc2t7ZLe3tN1WcSkIbJOaxbAegKGeCNjTTnLYTSSEKOG0Fw6uJ33qgUrFY3OlRQr0I+oKFjIA2kl+y4T4TFXeML/GMTqtjXMEB7l5TrgHLme3nll8qO7YzLb wIbg5llFfdL311ezFJIyo04aBUx3US7WUgNSOcjovdVNEEyBD6tGNQQESVl03vGuNjo/RwGEvzhMZT9fdEBpFSoygwnRHogZr3JuJ/XifV4YWXMZGkmgoyWxSmHOsYT0LCPSYp0XxkAIhk5q+YDEAC0SbKognBnT95EZpV23Vs9/asXHPyOAroEB2hE+Sic1RDN6iOGoigR/SMXtGb9WS9WO/Wx6x1ycpnDtCfsj5/AA1CnKw=</latexit>

�rn+1
n+1/2 = cos

✓
2⇡

3
� ✓n+1

◆
� cos

✓
2⇡

3
� ✓n+1/2

◆

<latexit sha1_base64="SVFiZQIuYiQdYczDiEQnW54OYEc="></latexit><latexit sha1_base64="SVFiZQIuYiQdYczDiEQnW54OYEc="></latexit><latexit sha1_base64="SVFiZQIuYiQdYczDiEQnW54OYEc="></latexit><latexit sha1_base64="SVFiZQIuYiQdYczDiEQnW54OYEc="></latexit>

1

3
arccos

✓
2


tn+1/2 +�t/2

⌧nr

�
� 1

◆
= ✓n+1

<latexit sha1_base64="XQmi0cAlWaGumMxsb1977IYRUpM="></latexit><latexit sha1_base64="XQmi0cAlWaGumMxsb1977IYRUpM="></latexit><latexit sha1_base64="XQmi0cAlWaGumMxsb1977IYRUpM="></latexit><latexit sha1_base64="XQmi0cAlWaGumMxsb1977IYRUpM="></latexit>

✓n+1/2 =
1

3
arccos

✓
2


tn +�t/2

⌧nr

�
� 1

◆

<latexit sha1_base64="e6q/YDfZpg3ciVh5K/8xk2TUQpc="></latexit><latexit sha1_base64="e6q/YDfZpg3ciVh5K/8xk2TUQpc="></latexit><latexit sha1_base64="e6q/YDfZpg3ciVh5K/8xk2TUQpc="></latexit><latexit sha1_base64="e6q/YDfZpg3ciVh5K/8xk2TUQpc="></latexit>
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Model verification
• Setup simple verification problem

– Single particle inside domain
– Constant velocity
– Constant gas temperature

• Reaction radius ODE à constant diffusion coefficient

• Energy equation
– Verified each term independently
– Adiabatic heat release
– Thermal relaxation

23

da

dt
= i

⇢1
⇢Ce

Y1D
b� a

b

a

dep
dt

=
Nu

2

cp
⌧T

(T1 � Tp) +
ṁCehf

mp
<latexit sha1_base64="MKm5d1I5eNCW9HuMX+DfDj1ADv0="></latexit><latexit sha1_base64="MKm5d1I5eNCW9HuMX+DfDj1ADv0="></latexit><latexit sha1_base64="MKm5d1I5eNCW9HuMX+DfDj1ADv0="></latexit><latexit sha1_base64="MKm5d1I5eNCW9HuMX+DfDj1ADv0="></latexit>

<latexit sha1_base64="TFnxMyK6I6VeS0pRW+oirIzlm4U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKRY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR24g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qlevuvdXlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwIcjZA=</latexit>u0

gas
<latexit sha1_base64="hcTuuQAUxMlqm9VFEKx6FNdRPLg=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V+oVtKJvtpl262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK302BxkfaFCnM4G5YpbdRcg68TLSQVyNAblr/4wZmnEFTJJjel5boJ+RjUKJvms1E8NTyib0BHvWapoxI2fLS6ekQurDEkYa1sKyUL9PZHRyJhpFNjOiOLYrHpz8T+vl2J462dCJSlyxZaLwlQSjMn8fTIUmjOUU0so08LeStiYasrQhlSyIXirL6+Tdq3qXVfdh6tKvZbHUYQzOIdL8OAG6nAPDWgBAwXP8ApvjnFenHfnY9lacPKZU/gD5/MH5Z2RAw==</latexit>

T1
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Validation – Change to post-shock conditions
• Tested model with Ce experiment at 4 and 8 atm pre-shock conditions

Initial Gas Pressure 4 8 atm

Shocked Gas Temperature 720 740 K

Shocked Metal Temperature 990 990 K

Shocked Gas Density 2.3 4.5 kg/m3

Relative Velocity 480 470 m/s

Initial Conditions

Metal Material Properties

Specific heat 269 J/kg-K

Particle diameter 13 micron

Particle density 6.7 g/cc

CeD2 heat of formation 210 kJ/mol

Diffusion coefficient

Specific heat 7.25 kJ/kg-K

Thermal conductivity 0.138 W/m-K

Viscosity 1.72E-5 Pa-s

Specific heat ratio 1.4

Gas Properties

D(Tp) = 2.083589E-14 · T 1.941438
p
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Particle temperature comparison

• Model roughly captures the 200 K increase in particle temperature
• Predicted temperatures are low for 4 atm case
• Relatively accurate for 8 atm case

8 atm

�T

Gas Temperature

4 atm

�T

Gas Temperature



Competing processes
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metal

hydride layer
grows with time

H2

reaction front

moderate crust

metal

thin crust

H2

H2

thick crust
warming cooling

• 8 atm data
• Physical assumptions seem reasonable
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Resolution sensitivity
• Reaction radius is exact regardless of resolution
• Temperature accurate regardless of resolution for exact scheme

– First order approximate scheme overestimates temperature
• Both schemes converge to same solution

27

Initial Particle T
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Model performance with small particles

• Particles in experiments are 13 microns in diameter à large
• Test model with 1.3 and 0.13 micron particles

28
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1.3 micron particles
• Reaction radius independent of timestep size
• Temperature slightly overestimated for largest timestep

29
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0.13 micron particles
• Reaction radius independent of timestep size
• Smaller timesteps at beginning increase accuracy
• May need adaptive timestep

30
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Momentum Coupling effects
• Momentum coupling slows particles

– Reduces heat conduction à increases particle temperature

31

8 atm4 atm
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Summary
• Simple diffusion-controlled reaction model

• Roughly approximates temperature increase of cerium ejecta particles
– No tuning of parameters
– Greatest uncertainty exist in diffusion coefficient

• Need more detail to accurately capture temperature rise

• Exact solution increases accuracy and minimizes computational cost
– Both reaction radius and particle temperature

• Particle temperatures are reasonably accurate for range of sizes
– Adaptive time-stepping may be required for greater accuracy
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